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In this article, a complete structure of corrugated surface is established for heat transfer effects in the
presence of uniform magnetic field. A natural convection phenomenon is presented for MHD flow filled
in a porous corrugated cavity at various wavelengths and partially heated domain. The governing partial
differential equations consist of continuity, momentum and energy equations along with the corrugated
conditions at the surface. This system is properly nondimensionalized and then solved via finite element
method (FEM). In order to obtain the high resolution near the surface of corrugation, mesh generation is
improved at the various portions of the cavity. The flow patterns and temperature distribution within the
entire domain of the cavity can be visualized through streamlines and isotherms, respectively.
Computational experiment is performed for various values of wavelength number ð0 6 n 6 15Þ;
Rayleigh number ð104 6 Ra 6 106Þ; Darcy number ð10�5 6 Da 6 10�3Þ; and Hartmann number
ð10 6 Ha 6 103Þ to illustrate the effects on streamlines, isotherms, velocities and heat transfer rate.
Heat transfer rate is increased due to increase in Rayleigh number and wavelength parameter. Darcy
and Hartmann number does not have significant effects on the temperature distribution.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Apart from daily use, natural convection is the type of heat
transfer phenomenon that is used in many industrial processes
for better performances, aerodynamics, including energy, heat
transfer, light–thermal conversion and other performances. Differ-
ent from the forced convection, natural convection can occur due
to the density difference where the buoyancy forces uplift the
low-density fluid (high temperature fluid) and drops down the
high density fluid (low temperature fluid). This subject is very cru-
cial to address due to readily applications. The study of natural
convection in enclosures helps in manufacturing the best suitable
windows with feasible glass panels which saves allot of energy
due to resistance of outer temperature come inside and vice versa.
Besides, it has tremendous other engineering application too, such
as cooling and heating of houses, solar collectors, cooling of
electric devices, to micro-electromechanical systems (MEMS), food
processing, metallurgical industry are few of them. For detailed
analysis on the applications the readers are referred to [1–3].

Contrary to the flow problems in open channels, the flow and
heat transfer problems in enclosed cavity are not that simple.
There are many obstacles among which geometry shape, boundary
conditions, type of governing equations and thus seeking the best
numerical solution are few of them. This important field of
research has owned tremendous importance due to its inevitable
applications. Such applications include heating/cooling of houses,
microprocessors, air conditioning, solar collectors and so on. The
researchers’ quest has always been to enhance the performance
of such processes. We may find large amount of literature address-
ing these important physical problems. Both experimental and
mathematical studies were carried out by many researchers. We
will refrain from experimental infestations and only give sufficient
background of the mathematical studies. For example, a mathe-
matical analysis on the buoyancy-driven flow and heat transfer
of nanofluid flow was done numerically using finite volume
method [4]. The flow was confined to the two-dimensional rectan-
gular enclosure. In another study the flow and heat transfer gov-
erned by lid-driven cavity with differentially heated side wall
was studied numerically using SIMPLE algorithm [5]. A detailed
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analysis on the effects of pertinent parameters on the heat transfer
rate as well as on streamlines and isotherms were reported. Abu-
Nada and Oztop [6] considered the inclined square cavity to study
the natural convection heat transfer. Effects of various angles of
inclinations on the flow and heat transfer characteristics were ana-
lyzed. Finite Volume method was used to seek the numerical
solution.

Various kinds of cavity shapes exist in the engineering applica-
tions. For example, triangular cavity [7–9], rectangular cavity
[5,10–12], trapezoidal cavity [13–15], and other shaped cavities
[16–19]. Cavity with corrugated walls is another kind of interesting
geometry whose application lies in solar collectors, designing of
house roof to make the house cold or hot, etc. Recently, various
researchers have taken various shapes of cavities to analyze the
effects of corrugated wall geometry on the natural and forced con-
vection heat transfer. Shivan et al. [20] studied the natural convec-
tion flow inside the square cavity with one side wall cosine
corrugated. Triangular cavity with bottom corrugated wall was
considered by Rahman et al. [21]. The effects of corrugated wall
on the natural convection heat transfer of nanofluid flow were ana-
lyzed in detail using Buongiorno’s model. In another study [22] the
effects of increasing number of corrugation frequency on the natu-
ral convection heat transfer were studied numerically using finite
element method. Above cited references are all geometries with
any one wall corrugated. The square cavity with two side corru-
gated walls was taken into consideration by Hasan et al. [23] to
study the heat transfer characteristics of natural convection flow.
Horizontal channel with upper and lower corrugated wall was con-
sidered by Jafri et al. [24]. SWCNT suspended nanofluid with base
fluid water was used as working fluid to study the heat transfer
management. Numerical solution was obtained using Lattice Boltz-
mann Method.

In the present study, we incorporate porous medium inside the
cavity. Such kind of cavity exists in the variety of fields including
filtration, construction, soil mechanics, biophysics, and so on. The
porous mediummay greatly affect the heat transfer rate. The study
would be useful in optimizing the energy usage and other benefits.
Literature search reveals that the problem has remained a hot topic
among the researchers who have studied the flow and heat trans-
fer through porous medium in both open [25] and closed regions
[26–28]. Moreover, both conventional fluids and nanofluids have
been utilized during such diverse studies. Present study will stick
to the cavity flow with conventional fluid. Nithiarasu et al. [29]
studied numerically the natural convection flow through the por-
ous medium. The results were validated with reported experimen-
tal results. In another study [30] the flow through the wavy vertical
cavity filled with porous mediumwas considered. The solution was
obtained numerically using Finite Element Method. Sheremet et al.
[31] incorporated nanofluid in the Buongiorno’s model to study the
three-dimensional natural convection heat transfer in a cubical
cavity filled with porous medium. Tariq et al. [32] took into consid-
eration the non-Newtonian MHD nanofluid to study the effects of
porous medium on the mixed convection inside the triangular cav-
ity. Upper corrugated rectangular cavity filled with porous medium
was considered by Sheikholeslami and Shamlooei [33]. The study
revealed that incorporation of porous medium enhanced heat
transfer rate. The interesting geometry of differentially heated
square cavity with aspiration was studied by Biswas and Manna
[34]. The study revealed that the flow and heat transfer was greatly
affected by the range of porosity parameter. Apart from mentioned
studies, various effects to determine the heat transfer rate for var-
ious geometries [35–39].

So, the main feature of the present article is to numerically
investigate the natural convection flow of magnetohydrodynamic
fluid inside the corrugated cavity filled with porous medium. The
distribution of article is as follows: the introduction section 1 gives
the brief background of the problem and sets the motivation to car-
ryout present piece of research work. Modeling of problem and its
mathematical formulation is given in Section 2. Numerical proce-
dure to solve the governing partial differential equations using
finite element method is defined in the Section 3. Detailed analysis
on the obtained results has been given in Section 4. Major interest-
ing results obtained in the present study are summarized in the
conclusion Section 5. All the cited references are listed in the last
section of references.

2. Description of physical problem

Consider two dimensional MHD viscous fluid saturated porous
medium enclosed in a rectangular shape cavity with bottom and
top surfaces are corrugated while other two vertical walls are
smooth. It is further assumed that temperature of both solid phase
and fluid phase are uniform for porous medium. Moreover, state of
fluid’s molecules is in the form of local thermal equilibrium for
given model. Since we are dealing the natural convection phenom-
ena in a cavity therefore velocity square effects can be discarded
for present model. In cartesian coordinate system (XY – plane), U
and V are velocity components along X and Y – direction respec-
tively (see Fig. 1).

2.1. Constraint at walls

In order to define the boundary conditions at the entire walls of
the cavity, first we fixed all the velocities at the surfaces are zero.

T� X;Y ¼ aSin np X
L

� �� � ¼ Th

for 0 6 X 6 L; Temperature at lower corrugated surface
@T� X;Y¼L

2þaSin npX
Lð Þð Þ

@Y ¼ 0
for 0 6 X 6 L; Temperature at upper corrugated surface

8>>>><
>>>>:

Temperature at vertical walls is kept cold:

T�ðX ¼ 0;YÞ ¼ T�ðX ¼ 1;YÞ ¼ Tc for 0 6 Y 6 L
2
:

Velocities at all solid boundaries U = V = 0. In the above mention
conditions, X;Y are the space variables, a is the amplitude, n is the
wavelength number.

2.2. Governing equations

For present model, we have considered a steady, MHD, viscous,
incompressible flow in xy – coordinate system. Further we are con-
sidering that channel is filled with porous medium and motion of
the fluid depending upon Darcy’s law, which produce for the drag
exerted by the porous medium. The viscous dissipation effect is
neglected and system of governing partial differential equation
depends upon continuity equation under the law of conservation
of mass, momentum and energy equations:
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Fig. 1. Geometry of the model (a) physical domain and (b) computational domain.
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Fig. 2. Mesh analysis at different portion of the corrugated cavity.
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In the above system of equations, U and V are the velocities
along X and Y-directions, respectively. Where, T� is the tempera-
ture of the fluid and P is the pressure of the fluid. The dimension-
less quantities are:

x¼ X
L
; y¼ Y

L
; u¼ UL

a
; v ¼ VL

a
; T ¼ T� � Tc

Th � Tc
; p¼ PL2

qa2 ; m¼ l
q
:

Invoking the dimensionless variable in Eqs. (1)–(4), we
get:
u
@u
@x

þ v @u
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Fig. 3. Variation of (a)–(d) stream function and (e)–(h) isotherms for various values of wavelength number n when Ra ¼ 104;Da ¼ 10�4; Pr ¼ 6:2;Ha ¼ 103.

Fig. 4. Variation of (a) Nusselt and (b) temperature for various values of wavelength number n when Ra ¼ 104;Da ¼ 10�4; Pr ¼ 6:2 and Ha ¼ 103.
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Fig. 5. Variation of (a)–(c) stream function and (d)–(f) isotherms for various values of Rayleigh number Ra when Da ¼ 10�4; Pr ¼ 6:2 and Ha ¼ 10.
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In the above system of equations, the dimensionless parameters
are defined as:

Pr ¼ v
a
; Ra ¼ gbðTh�TcÞL3

ta
; Da ¼ K

L2
; Ha ¼ BoL

ffiffiffiffi
r
l

r
:

In the above equations, Pr; Ra; Da and Ha are Prandtl number,
Rayleigh number, Darcy numbers and Hartmann number, respec-
tively. The dimensionless form of associated boundary conditions
for entire domain is defined as:

Tðx; y ¼ SinðnpxÞ
k Þ ¼ 1

for 0 6 x 6 1; temperature at lower corrugated surface:
@Tðx;y¼0:5þSinðnpxÞ

k Þ
@y ¼ 0

for 0 6 x 6 1; temperature at upper corrugated surface:

8>>>><
>>>>:

ð8aÞ
Temperature at vertical walls is kept cold:

Tð0; yÞ ¼ Tð1; yÞ ¼ 0 for 0 6 y 6 0:5; ð8bÞ

Velocities at all solid boundaries u ¼ v ¼ 0: ð8cÞ
In Eq. 8(a), k ¼ L=a is the amplitude ratio.
Average Nusselt number along a partially heated domain of
enclosure is defined as:
Nuavg ¼
Z
S
� dT

dn

� �
dX: ð9Þ
where ‘‘n” is normal direction at the surface of corrugated along the
heated surface (S).
2.3. Impact of wavelength n

Before going to analyze the entire results, it is important to
note that our model is strongly depending upon wavelength
number n and amplitude ratio k. Throughout the results, ampli-
tude ratio is fixed that is (k ¼ 20Þ. However, we have checked
the variation of stream function and isotherms at various wave
lengths with respect to n ¼ 0;n ¼ 5;n ¼ 11 and n ¼ 15 (see Figs. 3
and 4). However, for the rest of the results we have fixed the
wavelength for n ¼ 11. It is important to note that for n ¼ 0 pre-
sent corrugated surfaces will produce the results for flat rectan-
gular shape cavity.
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3. Methodology

The set of Eqs. (5)–(7) along with boundary conditions (8) are
solved using finite element method using Galerkin approach.
Non-uniform triangular elements mesh is used for discretization
of domain. Moreover, we have considered much dense mesh
at the typical points (see Fig. 2). The pressure term (P) is
eliminated via continuity equation using the constraint equation
p ¼ �c @u
@x þ @v

@y

� �
. The continuity Eq. (1) identically satisfied for

highly greater value that is c ¼ 107. By replacing the pressure p,
terms in Eqs. (5) and (6) we get:

u
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þ Pr
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� Pr
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Fig. 7. Variation of (a)–(c) stream function and (d)–(f) isotherms for various values of Darcy number when Ra ¼ 104; Pr ¼ 6:2 and Ha ¼ 10.
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And similarly
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þ PrRaT

� ðHaÞ2Pr v � Pr
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For detailed procedure, readers are referred to the article of Tay-
lor and Hood [40] and book of Dechaumphai [41]. While imple-
mented the methodology, it is important to check the accuracy
and efficiency of all results. For this, increment of elements at
upper and lower surface of the corrugation are added to enhance
the accuracy and better convergence (see Fig. 2).
4. Results and discussion

The magnetohydrodynamic natural convection fluid flow inside
the corrugated cavity filled with porous medium has been investi-
gated numerically using finite element method. The geometry of
the cavity is considered as rectangle where the lower and upper
wall is corrugated with uniformly heated and adiabatic, respec-
tively, whereas other two side walls are kept at comparatively cold
temperature. The numerical experiment was performed for various
values of wavelength parameter (0 6 n 6 15), Rayleigh number
(104 6 Ra 6 106), Darcy number (10�5 6 Da 6 10�5) and Hartmann
number (102 6 Ha 6 103) on the fluid velocity, flow patterns, tem-
perature distribution and heat transfer rate. Flow patterns and
temperature distribution are shown graphically using streamlines
and isotherms plots. The results are concluded into the subsequent
paragraphs.
4.1. Effects of wave length parameter

Fig. 3 presents the effects of wavelength parameter on the
streamlines and isotherms. It is evident from the Fig. 3(a)–(d) that
the flow strength gets stronger by increasing the wavelength
parameter. The streamlines occupy the whole cavity with the
increase in wavelength parameter. On the other hand, increasing
the number of wavelength parameter distributes more heat to
the surrounding as it can be seen from the isotherms Fig. 3(e)–
(h). The heat starts to spread out from the mid-section of the cavity
towards upper wall which is due to the vertical cold walls. In
whole range of wavelength parameter, the temperature of bottom
wall remains higher comparatively to upper wall due to the fact
that lower corrugated wall is uniformly heated whereas upper wall
is adiabatic. This phenomenon can be seen from Fig. 4(b) which
shows the temperature profiles along the vertical mean path



0.0016
0.0014
0.0012
0.0010
0.0008
0.0006
0.0004
0.0002
0.0001

-0.0000
-0.0002
-0.0004
-0.0006
-0.0008
-0.0010
-0.0012
-0.0014
-0.0016

(b) Ha=500

ψ

0.0004
0.0004
0.0004
0.0003
0.0003
0.0002
0.0002
0.0001
0.0000

-0.0000
-0.0001
-0.0002
-0.0002
-0.0003
-0.0003
-0.0004
-0.0004
-0.0004

(c) Ha=1000

ψ

0.0138
0.0124
0.0106
0.0089
0.0071
0.0053
0.0035
0.0018
0.0001

-0.0000
-0.0018
-0.0036
-0.0054
-0.0071
-0.0089
-0.0107
-0.0125
-0.0139

(a) Ha=100

ψ
0.9769
0.9375
0.8750
0.8125
0.7500
0.6875
0.6250
0.5947
0.5772
0.5625
0.5000
0.4375
0.3750
0.3125
0.2500
0.1875
0.1250
0.0625

(d) Ha=100

T

0.9833
0.9375
0.8750
0.8125
0.7500
0.6875
0.6250
0.5920
0.5726
0.5625
0.5539
0.5000
0.4375
0.3750
0.3125
0.2500
0.1875
0.1250
0.0625(f) Ha=1000

T

0.9832
0.9375
0.8750
0.8125
0.7500
0.6875
0.6250
0.5975
0.5761
0.5625
0.5000
0.4375
0.3750
0.3125
0.2500
0.1875
0.1250
0.0625

(e) Ha=500

T

Fig. 8. Variation of (a)–(c) stream function and (d)–(f) isotherms for various values of Hartmann number when Ra ¼ 104; Pr ¼ 6:2 and Da ¼ 10�4.

x

y

0 0.25 0.5 0.75 1

0

0.1

0.2

0.3

0.4

0.5

(a)

Velocity (u)

x

y

0 0.25 0.5 0.75 1

0

0.1

0.2

0.3

0.4

0.5

(b)

Velocity (v)

Fig. 9. Variation of (a) velocity u and (b) velocity v when Ra ¼ 104; Da ¼ 10�4; Pr ¼ 6:2 and Ha ¼ 10.

R.U. Haq et al. / International Journal of Heat and Mass Transfer 121 (2018) 1168–1178 1175
(0.5, 0) to (0.5, 0.4) of the cavity. The profiles further disclose that
the temperature of the fluid at the upper mean position tends to
increase due to increase in wavelength parameter which clearly
supports the trends observed in Fig. 3(e)–(h). Fig. 4(a) shows the
rate of heat transfer along horizontal path near to the corrugated
surface between (0, 0.05) to (1, 0.05). A corrugated shape behavior
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is observed due to the high intensity of heat the surface and it var-
ies with respect to the shape of corrugation. It is evident from the
profiles that there is maximum heat transfer rate at the two ends of
the cavity due to the vertical cold walls. Moreover, it is noticed that
heat transfer rate is increased due to increase in wavelength
parameter.
4.2. Effects of Rayleigh number

Fig. 5 shows the effects of Rayleigh number on the streamlines
and isotherms. It can be seen clearly that the flow currents become
strong as we increase the Rayleigh number. At Ra ¼ 106 the flow
lines occupy whole cavity with strong flow currents. The tempera-
ture of the cavity also tends to increase when we increase Rayleigh
number. Due to side cold walls the temperature of the fluid tends
to spread through the mid vertical section. Fig. 6 shows the profiles
of heat transfer rate, temperature distribution and velocity along
the defined mean path. The heat transfer rate is maximum at
two ends of the cavity due to vertical cold walls. Moreover, it is evi-
dent from the profile trends that heat transfer rate tend to increase
with increase in Rayleigh number. Temperature of the fluid tends
to increase due to increase in Rayleigh number. On the other hand,
it tends to decrease along the vertical mean path. It is clear from
the profiles that the rate of dropping temperature is higher for
low Rayleigh number as compared to high Rayleigh number.
Fig. 6(c) shows the velocity profiles against different values of Ray-
leigh number along the vertical mean path. It can be clearly seen
that the velocity tends to increase due to increase in Rayleigh num-
ber and the maximum velocity is obtained at the mid-section of
the vertical mean path.

4.3. Effects of Darcy number

Effect of porosity on the velocity and temperature fields are
depicted in Fig. 7 using streamlines (a)–(c) and isotherm (d)–(f)
plots. Decreasing value of Darcy parameter produces increase in
the velocity strength. It can be seen from Fig. 7(a)–(c) that the
streamlines tend to get strong and occupy the whole cavity as
the Darcy parameter is decreased from 10�3 to 10�5. Moreover, it
does not have significant effects on the temperature distribution
for the considered range of Darcy parameter.

4.4. Effects of Hartmann number

Fig. 8 shows the streamlines and isotherm plots against the
increase value of Hartman number. Increasing the magnetic field
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effects produces increase in streamline strength. The interesting
fact is that it does not occupy the whole cavity at comparatively
large Hartmann number. The flow cells converge to their own cen-
ter. On the other hand, it does not have significant effects on the
temperature distribution for considered range of Hartman number.

4.5. Velocity profiles

Since it is important to identify the behavior of the fluid mole-
cules along the x – and y – axis so results are plotted for velocity
profiles u and v respectively. One can see the dominant effects of
velocity along u that present diagonally symmetric behavior within
the corrugated cavity. It can further observe that all the boluses are
originating at the top edge of the corrugated surface and expand
gradually unless they reached at the mean position of the cavity.
However, the behavior of velocity v along y – direction attained
the more influence along the vertical direction. This is due to heat
transfer and conduction is more influenced in the same vertical
direction (see Fig. 9).

4.6. Effects of various heated lengths

Fig. 10 depicts the effects of various heated lengths on the flow
field and temperature distributions inside the corrugated cavity
through streamlines and isotherm plots, respectively. It can be
noticed from Fig. 10(a)–(c) that the flow field tends to become
stronger as the length of heated portion increases. The bullous are
formed along the cold side wall due to boundary conditions. On
the other hand, as the length of the heated portion is increasedmore
fluid in the cavity is heated up. This is due to the fact that due to lar-
ger heated length more heat is transferred to the surrounding
through convection. Is can be seen fromFig. 10(d)–(f) that the cavity
starts to heat up in the middle portion which is due to the col side
walls. Heat transfer rate along the (0, 0.05) to (1, 0.05) against the
various length of heated portion can be seen from Fig. 11(a). The
cup shaped profile trends are due to the corrugated wall. Moreover,
it is noticed that with the increase in heated length the heat transfer
along the specified path is decreased. The maximum heat transfer
takes place at the boundary of the heated length. Fig. 11(b) satisfied
the temperature boundary condition Eq. 8(a) which says that tem-
perature at the hot corrugated wall is 1. Along the path (0.5, 0) to
(0.5, 0.4) the temperature of fluid tends to decreased for different
heated lengths. Moreover, at far away from the hot corrugated wall
the temperature of fluid tends to increase due to increase in heated
length (see Fig. 11(b)). The vertical velocity of fluid along (0.5, 0) to
(0.5, 0.4) can be seen from Fig. 11(c). The zero velocity at the bound-
ary satisfies the boundary condition Eq. 8(c). It is noted that, near
heated corrugated wall, the velocity of the fluid tends to decrease
due to increase in heated length. The maximum velocity is attained
at the center along the path (0.5, 0) to (0.5, 0.4).
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5. Conclusion

The natural convection flow and heat transfer characteristics of
MHD fluid inside the corrugated rectangular cavity was investi-
gated numerically using finite element method. Effects of wave-
length parameter, Rayleigh number, Darcy number and
Hartmann number was closely observed. It was found that both
velocity flow and temperature fields tends to increase as the corru-
gation frequency and Rayleigh number are increased whereas it
has inverse effect on the heat transfer rate. Nusselt number
increased due to increase in wavelength parameter and Rayleigh
number. Darcy and Hartmann number does not have significant
effects on the temperature distribution. It is finally notice that, as
the length of the heated portion is increased more fluid in the cav-
ity is heated up.
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