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Abstract This article manages Darcy-Forchheimer 3D flow of water based carbon nanomaterial (CNTs). A bidi-
rectional nonlinear stretchable surface has been utilized to make the flow. Disturbance in permeable space has been
represented by Darcy Forchheimer (DF) expression. Heat transfer mechanism is explored through convective heating.
Outcomes for SWCNT and MWCNT have been displayed and compared. The reduction of partial differential framework
into nonlinear common differential framework is made through reasonable variables. Optimal series scheme is utilized
for arrangements advancement of associated flow issue. Optimal homotopic solution expressions for velocities and tem-
perature are studied through graphs by considering various estimations of physical variables. Moreover surface drag

coefficients and heat transfer rate are analyzed through plots.
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Nomenclature
Uy U, W velocity components n power-law index
T,Y, 2 space coordinates Uw, Vi surface stretching velocities
wy fluid dynamic viscosity of fluid density
vy kinematic fluid viscosity Unt kinematic nanofluid viscosity
kg basefluid themal conductivity Knt nanofluids themal conductivity
oy thermal diffusivity of base fluid Qnf thermal diffusivity of nanofluid
Ty hot fluid temperature Too ambient fluid temperature
hy heat transfer coefficient koNT CNTs thermal conductivity
a,b positive constants k* permeability of porous medium
F non-uniform inertia coefficient ¢ nanomaterial volume fraction
Ch drag coeflicient Regz, Rey local Reynolds numbers
Cy,Cy skin friction coefficients Nu local Nusselt number
A local porosity number n dimensionless variable
Fr Forchheimer parameter f,q dimensionless velocities
Bi Biot parameter 0 dimensionless temperature
Pr Prandtl parameter a ratio number
CNTs carbon nanotubes ZJ’.‘* arbitrary constants
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1 Introduction

Carbon nanotubes are the least difficult compound
sythesis and nuclear holding arrangement of graphene
sheet structures moved up in a state of chamber. Car-
bon nanotubes have special physical, electrical, thermal,
chemical, and mechanical properties, because of the blend
of their little size, tube shaped structure and colossal sur-
face region. Contingent upon the quantity of graphene
layers, carbon nanotubes have been subdivided in two
sorts that is single walled carbon nanotubes (SWCNT)
and multi walled carbon nanotubes (MWCNT). Anoma-
lous heat conductivity improvement in oil-based nanoflu-
ids containing carbon nanotube is represented by Choi et
al.'l Xuel?! proposed a model in view of Maxwell hypoth-
esis for transport properties of CNTs based composites.
Aueous suspensions of multi-walled carbon nanotubes is
investigated by Ding et all¥/ Few commitments toward
this path can be looked into through the attempts!*—2°!
and different examinations therein.

Flow of liquid through permeable space assumes es-
sential part in different mechanical applications, for ex-
ample, warm protection designing, water developments
in geothermal supplies, underground spreading of sub-
stance squander, atomic waste archive, grain stockpiling,
upgraded recuperation of oil stores, improved oil recu-
peration, land carbon-dioxide sequestration, pressed cryo-
genic microsphere protection, coordinate contact warm
exchangers, coal combustors, atomic waste storehouses,
and warmth pipe innovation. For flow under low veloc-
ity and weak porosity conditions, Darcy developed a pio-
neering semi-empirical equation. Nonlinearity appears in
semi-empirical equation for high Reynolds number which
is due to increasing role of inertial forces. Forchheimer!2°!
predicted a modified equation namely Darcy-Forchheimer
equation by introducing quadratic term in momentum
equation. Muskat[?”) entitled it as Forchheimer fac-
tor. Having above in view, further relevant studies on
Darcy-Forchheimer flow can be looked into through the
attempts28-38] and different examinations therein.

The prime point of this endeavor is to investigate
Darcy Forchheimer (DF) three-dimensional (3D) flow of
carbon water nanomaterials. Flow created is a result of
nonlinear stretchable surface. Heat exchange component
is investigated by means of convective surface condition.
Single walled (SWCNT) and multi walled (MWCNT) car-
bon nanotubes are considered. Xue model is implemented
in mathematical modeling. The governing nonlinear sys-
tem is solved by optimal homotopic approach.!39—45 Ef-
fectiveness of sundry factors on temperature and velocities
fields are analyzed. Additionally skin frictions and Nusselt
number are introduced by means of plots.

2 Formulation

We consider three dimension (3D) flow of water
based carbon nanomaterials (CNTs) caused by nonlin-

ear stretchable surface in a Darcy-Forchheimer perme-
able space. Temperature at surface is controlled via con-
vection, which is described by hot fluid at temperature
Ty below the surface and heat transfer coefficient hy.
The surface at z = 0 possessing the stretching velocities
Uw(z,y) = alz+y)™ and Vy(z,y) = b(x 4+ y)™ where a, b,
and n > 0 are the positive constants (see Fig. 1). SWCNT
and MWCNT are utilized as nanomaterials in water. The

problems statements are:[10:31]
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Convectively heated stretchable surface

Fig. 1 Physical configuration and coordinate system.

The associated boundary conditions are:[19:31]
u=Uy, v=V, w=0
oT
—knf(g) = hy(Ty—T)at =0, (5)
u—0, v—=0, T—>Txasz— 0. (6)

Here u, v, and w stand for fluid velocities in z-, y-, and
z-axes, Cy for drag coefficient, vy, for kinematic viscosity
of nanofluid, F = Cy/[(x + y)k*2] for nonuniform iner-
tia coefficient of permeable space, k* for permeability of
permeable space, ays for nanofluid thermal diffusivity, T'
for temperature, Ty for hot fluid temperature, and T, for
ambient temperature and ¢, for specific heat. Theoretical
relation suggested by Xuel? is defined as follows:

Mnf ,uf
vn = b n = 7T I ~oF b)
f Pnf font (1 - ¢)2'5
k +k
kar (1= @) + 20 a0 In 2o
. k kenttky ?
ko (1—-9¢)+2¢ kCNTffkf In CNz?cf !
knf
Pnf = 1-— ¢ P + QSPCNTa Qnf = ————~ 7
(1—o)py (et (7)

in which pys stands for nanofluid viscosity, ¢ for nanopar-
ticle fraction, py¢ for nanofluid density, k,¢ for nanofluid
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heat conductivity, pcnt for CNTs density and kcnr for w — _(C‘Vf(” + 1))1/2(90 + y)(n—l)/2
carbon nanotubes thermal conductivity. Table 1 exhibits 2
. . 1
physical attributes of water and CNTs. % ( n 1 )
(f+g)+ i +4)),
Table 1 Physical aspects of water and CNTs.[?] 6(n) = % ,
Physical aspects  Base fluid CNTs Ty - T
1)\ 1/2
Water SWCNTs MWCNTs o= (a(n+ )) (2 +5)=/2, (8)
p 997.1 2600 1600 2uy
‘p 4179 425 796 Now Eq. (1) is verified while Egs. (2)—(7) have been re-
k 0.613 6600 3000

Using the appropriate transformations:

u=a(x+y)"f'(n), v=alx+y)gn),

duced to

1

2n
111 + + " _ ! + / /
e e M AR AR s LA
2 A .2
— — Fr(f)* =0, 9
D= 9P [ =6+ dlpat/on]]  nri ) ©
1 " " 2n’ ! / /
+(f+9)9" - +
=006+ dlpont/o)’ T Gl
2 A .2
— — Fr(¢)?> =0, 10
i+ D (=P =6+ dpant /o]’ sl ) 1o
1 Kot
20" + Pr(f+g)0 =0, 11
[T+ o+ ol(per)antem )] by |+ L) -
n+1kuy .
f0)=90)=0, f(0)=1, gO)=a, 0=/ k—ffBz(l —6(0)), (12)
f'(00) =0, g¢'(c0) =0, 6(c0)—0. (13)
Here Fr stands for Forchheimer parameter, « for ratio ' tions are chosen as follows:
number, A for local porosity number, Bi for Bi(?t param- fom) = 1—exp(=n),  go(n) = a(l — exp(=n)),
eter and Pr for Prandtl parameter. These variables are B.
0 = ! exp(—n), 18
defined by . o o) = T D Bty + By TP 08)
vy b Hi\Cp)f 3 3
S A , a3 df By dg
k*a(x + y)»1 k*z k¢ ff(f):ding*dfna £g(g):d7’l737d7’l7’
_b _hy [yt 426
o = a, Bi= kf w . (14) £9(9) = dinz - (19)
Skin frictions and Nusselt number are expressed by The above linear operators obey
1 1 *% * % *%
Crel* =\ gy ). (15) £4(25° + 25" expln) + 25" expl(—n)] = 0,
) b il 1 £4[Z5" exp(n) + Z5" exp(—n)] = 0,
1/2 _ _-3/2 2 *ook ok
CoRe,/” = a s =gzt O (16) £ 25" exp(n) + 23" exp(—n)] =0, (20)
NuRe-Y2 — _ In+1 knfa,(o) (17) where Z3* (j = 1-7) stand for arbitrary variables. Prob-
* 2 ky ’ lems for m-th order and zeroth deformations are easily

where Re, = Uy (z+y)/vy and Re, = Vi, (z+y) /vy stand
for local Reynolds numbers.

3 OHAM Solutions

The optimal series arrangements of Egs. (9) to (11) via
(12) and (13) are developed by employing optimal homo-
topic technique (OHAM). Operators and initial deforma-

constructed in the view of above operators. The associ-
ated deformation issues are solved via BVPh2.0 of Math-

ematica package.

4 Convergence Analysis

We have solved the momentum and energy expressions

with the help of BVPh2.0. These expressions contain un-
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known variables Ay, hy, and hg. We can compute the min- zm: 9(17)) ] 2 . (23)
imum estimation of these variables by taking total error o n=;jén

small. In the edge of HAM, these factors assume a funda-

mental part. That is the reason these factors allude to as ~ Following Liao:%)

convergence control factor which varies HAM from other ,
.. . L et =el +e9 49 (24)
scientific guess strategies. Keeping in mind the end goal m m m m>

to diminish CPU time, we have utilized average residual . .
where &' represents the total residual squared error, k =

errors at m-th oder of guess, which are characterized by . . .
20 and o = 0.5. Optimal information of convergence con-

k m
1 . R 2 . L _
el = T Z [Nf<Zf(77)7 Zg(n)) | } .21 trol factors at 2nd order of distortions is hy 0.8118,
=0 i—0 i—0 n=jon hg = —0.9927, and hy = —1.563 92 for SWCNT-Water
1 k . m 9 and hy = —0.8428, hy = —1.062 73 and hy = —1.560 89
€ = k1 Z {-Mq( f(n), Zé(n))n:j &J ) (22)  for MWCNT-Water. Table 2 displays average square
b

=0 =0 =0 residual error at various request of distortions. It has been
k m m
0 ¢ N broke down that the average residual square errors reduce
e = g O [N (X2 Fm). Y g, o ¢ averag .
+ with higher request distortions for SWCNT and MWCNT.

=0 i=0 i=0 |

Table 2 Individual average residual square errors employing optimal estimations of auxiliary factors.

SWCNT MWCNT

m ef 7, e, el P, e

2 6.16 x 10~ 1.46 x 10—6 1.13 x 1073 1.03 x 102 1.99 x 10—6 1.23 x 1073
6 1.03 x 10—9 1.59 x 10—10 1.18 x 10~4 4.70 x 1079 4.95 x 1010 1.56 x 10~*
8 2.06 x 10~ 11 3.39 x 10~12 5.67 x 1075 1.69 x 10~10 1.68 x 10~ 11 8.22 x 1075
10 4.56 x 10~13 9.95 x 10~ 14 3.06 x 10~5 7.26 x 1012 7.03 x 10~13 4.86 x 1075
14 2.39 x 10~16 1.35 x 10—16 1.11 x 10~° 1.80 x 10—14 1.70 x 1015 2.11 x 10~°
18 7.36 x 10~19 2.72 x 10~19 4.85 x 10~ 5.76 x 1017 5.34 x 10~18 1.09 x 10—°
20 1.91 x 10—20 1.34 x 10—20 3.35 x 10~6 3.45 x 10~18 3.17 x 10~19 8.23 x 10~

5 Discussion

The present segment inspects impacts of various physical elements like nanoparticles fraction parameter ¢, local
porosity number A, Forchheimer parameter Fr, ratio number «, and Biot parameter Bi on velocities f'(n) and ¢'(n)
and temperature (n). Outcomes are achieved for single walled CNTs and mutli walled CNTs. Figure 2 signifies the
effect of volume division of nanoparticles ¢ on velocity field f'(n). It is accounted for that velocity field f'(n) upgrades
for bigger ¢ for SWCNT and MWCNT. The role of local porosity number A on velocity field f/(n) is portrayed in
Fig. 3. Tt is investigated that velocity f’(n) decays for higher A for SWCNT and MWCNT. Physically the obstruction is
created in liquid flow because of presence of permeable space, which portrays a diminishment in liquid velocity. Hence
a lessening is noted in the velocity and momentum layer. From Fig. 4, it is revealed that velocity field f'(n) begins
diminishing with an expansion in Forchheimer parameter Fr for SWCNT and MWCNT. Figure 5 displays the impact
of solid volume fraction of nanoparticles ¢ on velocity field ¢’(n). It is reported that velocity field ¢’(#) is enhanced for
larger ¢ for SWCNT and MWCNT. The behavior of local porosity number A on velocity field ¢’(n) is plotted in Fig. 6.

10}y ‘ ‘ ' ‘ 1.Ofy
0.8) \\ =02 Fr=02, n=2,1=02 1 0.8 $=01 a=02 Fr=02 n=2
0.6 061
S S
T oa ™ 04}
0.2 0.2
0.0F, 0.0¢,
0 2 4 6 8 0 2 4 6 8
n n

Fig. 2 Effect of ¢ on f'(n). Fig. 3 Effect of X on f'(n).
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It is watched that velocity field ¢’(n) reduces for higher A
for SWCNT and MWCNT. From Fig. 7, it is noted that
velocity field ¢’(n) diminishes with an expansion in Forch-
heimer parameter F'r for SWCNT and MWCNT. Effect of
Biot parameter Bi on temperature field §(n) is plotted in
Fig. 8. Here temperature field 6(n) upgrades for higher
Biot parameter Bi for SWCNT and MWCNT. Bigger
Biot parameter causes a more grounded convection which
yields a more grounded temperature 6(7n) and more ther-
mal layer. Figures 9 and 10 present skin frictions C fRei/ 2
and C'gRegl/ 2 for several estimations of nanoparticles frac-
tion ¢ and ratio number «. It is watched that skin fric-
tions are improved for expanding estimations of nanopar-
ticles fraction parameter for SWCNT and MWCNT. From
Fig. 11, it is analyzed that Nusselt number Nu Re;1/2 im-

proves for bigger nanoparticles fraction parameter ¢ for
SWCNT and MWCNT.

6 Conclusions

Darcy Forchheimer 3D flow of carbon water nanomate-
rials (CNTs) within the sight of thermal convective condi-
tion is considered. Flow is caused by a bi-directional non-
linear stretchable surface. Optimal homotopic calculation
prompts the arrangements of representing flow issue. We
have seen that velocities indicate comparative pattern for
local porosity number and Forchheimer parameter. An
enhancement in Biot parameter exhibits stronger temper-
ature field. Moreover skin frictions and local Nusselt num-
ber show increasing trend for higher nanoparticle fraction
parameter.
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