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Multi-layer flows regime occurs in many industrial processes such as petroleum and chemical industry,
therefore the study of multi-layer flow in the presence of nanoparticles can be used to obtain desired
qualities. This article investigates a vertical three-layer fluid model which incorporates two clear fluid
layers and a nanofluid layer which is squeezed between them. A fully developed laminar, incompressible
flow field is considered including viscous dissipation effects. The present framework is formulated by
capitalizing Buongiorno model which integrate the combined effects of thermophoresis and Brownian
motion. The set of ordinary differential equations (ODEs) are non-dimensionalized under appropriate
transformations and a nonlinear differential system is than solved by BVPh2.0 solver which is based
on an analytical technique named as homotopy analysis method (HAM). Based on the average squared
residual error, a procedure for the highly accurate approximation is developed in BVPh2.0. For general-
ized set of physical parameters it is demonstrated that our obtained solutions are convergent. The influ-
ences of governing parameters on the temperature, flow and concentration are analyzed. The result
shows a reversed flow for higher values of mixed convection parameter. Furthermore the flow and tem-
perature characteristics at the interface for thermophoresis and Brownian motion parameters are exam-
ined numerically.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Heat and mass transfer is an important process in many indus-
trial applications. The conventional fluids for example ethylene
glycol mixtures, water and oil have naturally poor thermal conduc-
tivity. This imposes a key restriction on the efficient heat transfer.
In recent years significant research activity has been made for the
optimization of the performance of heat transfer fluids. In order to
increase the thermal conductivity Maxwell [1] used mettalic parti-
cles, many other scientists experimented by inserting particles of
micrometer- or milimeter-size respectively in the base fluid but
due to the particle size major problem arouse in their settlement.
The term nanofluid is first used by Choi [2]. These fluids are syn-
thesized by the suspension of nanometer sized solid particles and
fibers. Nanometer sized particles can be mettalic, polymeric or
non-mettalic etc. Thus the characteristics associated with heat
transfer can be greatly improved by the suspension of these parti-
cles in the original fluid. These particles are thus suspended in the
base fluid to improve heat transfer characteristics of the original
fluid. Therefore these particles are quite useful in improving the
performance of the ordinary liquids. Nanofluids are significant in
many industrial processes such as microelectronics, hybrid pow-
ered engines, pharmaceutical processes, air conditioning industry,
improved oils, coolants and so on. The comprehensive review of
convective transport in nanofluids comprise the attempts of Buon-
giorno [3], Kuzentsov and Nield [4], Wang and Mujamdar [5] and
Das et al. [6]. Few other studies on nanofluids can be referred in
the following Refs. [7–18].
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Fig. 1. Physical configuration.
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Heat transfer and mixed convection associated with fluid flow
in channels has been the subject of many studies because of its
immense utilization in the projects of cooling system for elec-
tronic machines, nuclear reactors, solar energy collection and
so on. Numerous research works have been focused on mixed
convective flows of one-layer fluid model in vertical channels
under different physical conditions. Tao [19], Aung and Worku
[20] and Kimura et al. [21] did pioneering work in the mixed
convection flows under different conditions. Afterwards exten-
sive research work is presented on mixed convection flows.
Some recent research articles on mixed convection flows of
nanofluids can be stated through Refs. [22–34]. Realistically
the fluid models of multi-layers are important in the under-
standing of fluid unifications and their influence on momentum
and heat transfer properties. In reality a number of times
transport phenomena occur at the interface in non-isothermal
systems of fluids with different layers. The study of two layer
model is important because of its application in the fluid exper-
iments which are conducted in such an environment where
gravitational force is low. Umavathi et al. [35] considered a
porous-clear fluid flow model in a horizontal channel. Robert
et al. [36] investigated a two layer model in the vertical channel.
One layer contains clear fluid and the other layer contains nano-
fluid. Umer and Lin [37] proposed physically more appropriate
non-dimensional definitions for the governing parameters. The
results showed that the flow is reversed when the value of the
buoyancy parameter is sufficiently high. Umer et al. [38]
extended the two layer model for the non-Newtonian third
grade fluid. Vajravelu et al. [39] extended the two layer moder
of Robert et al. [36] to the three layer fluid. Three layer model
is investigated by Umavathi et al. [40]. Here middle layer con-
tains the porous media and the other two layers are filled with
clear fluid. Since multi-layer fluid models have wide range of
applications in the industry and natural environment therefore
the aim of this article is to analyze three layer fluid model.

There is a large number of research papers related to HAM [41].
It is because of its efficiency in solving differential equations. More
importantly unlike other analytical methods it provides us an easy
way to determine the convergence of our results for the solution of
non-linear differential equations by introducing parameters which
are known as convergence enhancing parameters. The HAM has
been already employed successfully to numerous problems from
engineering, science, and finance (see for instance [42–44]). Liao
[45] further improved the HAM by introducing optimal conver-
gence control parameters. In order to make it convenient for the
users Liao developed HAM-based solvers in Mathematica and
Maple. The most recent and powerful of them is BVPh2.0 which
is online available at (http://numericaltank.sjtu.edu.cn/BVPh.
htm). BVPh2.0 has been successfully used by different researchers
[46–50] in the solutions of highly non-linear set of ordinary differ-
ential sytems.

Here we intend to carry out analysis for the heat transfer and
flow properties of a three layer fluid model using BVPh2.0 solver.
A vertical channel is divided into three layers. The middle
layer is filled with nanofluid and the other two layers contain
clear fluids. The system of seven coupled non-linear ODEs is
solved by BVPh2.0. The interface boundary conditions (BCs) are
easy to handle in the frame work of OHAM because of its
utilization of functions instead of numbers. BVPh2.0 ensures
the convergence of the solutions by the average squared residual
error for individual equation and hence for the whole system.
Furthermore the heat and mass transfer properties for different
values of the physical parameters have been analyzed.
The results indicate that the nanoparticle concentration in the
original fluid can remarkably improve heat and mass transfer
characteristics.
2. Problem formulation

Fig. 1 consists of flow configuration of the problem under con-
sideration. The infinite plates in the x� and z�directions, respec-
tively are parallel to each other. The middle layer contains
nanofluid and the other two layers contain clear fluid. The clear
fluid regions �h 6 y 6 0 and h 6 y 6 2h have density q1, viscosity
l1 and thermal diffusivity a1. The nanofluid region 0 6 y 6 h has
density q2, viscosity l2 and thermal diffusivity a2. It is assumed
that the temperature at both walls is different. Right=Left walls
have temperatures Tw1=Tw2 with the assumption ðTw2 < Tw1Þ. The
fluid flow is taken as laminar, steady and the fluid characteristics
are supposed to be constant. The governing equations are given by

Region-I

m1
d2u1

dy2
� 1
q1

dp
dx

þ gb1ðT1 � Tw2Þ ¼ 0; ð1Þ

a1
d2T1

dy2
þ Q1

q1Cp
ðT1 � Tw2Þ þ l1

q1Cp

du1

dy

� �2

¼ 0: ð2Þ

Region-II

m2
d2u2

dy2
� 1
q2

dp
dx

þ gb2ðT2 � Tw2Þ ¼ 0; ð3Þ

a2
d2T2

dy2
þ s DB

dC
dy

dT2

dy
þ DT

Tw2

dT2

dy

� �2
" #

þ Q2

q2Cp
ðT2 � Tw2Þ

þ l2

q2Cp

du2

dy

� �2

¼ 0; ð4Þ

DB
d2C
dy2

þ DT

Tw2

d2T2

dy2
¼ 0: ð5Þ

Region-III

m1
d2u3

dy2
� 1
q1

dp
dx

þ gb1ðT3 � Tw2Þ ¼ 0; ð6Þ

a1
d2T3

dy2
þ Q3

q1Cp
ðT3 � Tw2Þ þ l1

q1Cp

du3

dy

� �2

¼ 0: ð7Þ

Here, ui and v i are x� and y�components of the fluid
respectively, where i ¼ 1;2;3. C; Ti;Qi; mi; bi;DT ; g;Cp;DB and
s ¼ ðqCpÞp=ðqCpÞf denote nanoparticle volume fraction, tempera-
ture, internal heat generation or absorption, kinematic viscosity,
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coefficient of thermal expansion, thermophoretic diffusion coeffi-
cient, gravity acceleration, specific heat at constant pressure, Brow-
nian diffusion coefficient and heat capacity ratio, respectively. The
subscripts p represents nanoparticles and f represents base fluid.

The temperatures, velocities, shear stresses and the heat fluxes
are assumed to be continuous at the interfaces. The no-slip and
isothermal BCs are used for the velocity and temperature, respec-
tively. Thus the BCs are:

u1ðyÞ ¼ 0; T1ðyÞ ¼ Tw2; at y ¼ �h;

u1ðyÞ ¼ u2ðyÞ; T1ðyÞ ¼ T2ðyÞ; CðyÞ ¼ Cw;

l1
du1
dy ¼ l2

du2
dy ; a1

dT1
dy ¼ a2

dT2
dy ;

)
at y ¼ 0;

u2ðyÞ ¼ u3ðyÞ; T2ðyÞ ¼ T3ðyÞ; CðyÞ ¼ 0;

l2
du2
dy ¼ l1

du3
dy ; a2

dT2
dy ¼ a1

dT3
dy ;

)
at y ¼ h;

u3ðyÞ ¼ 0; T3ðyÞ ¼ Tw1; at y ¼ 2h:

ð8Þ

Choosing

y� ¼ y
h
; u�

1 ¼ u1

~u
; u�

3 ¼ u3

~u
; u�

2 ¼ u2

~u
; h1 ¼ T1 � Tw2

Tw1 � Tw2
;

h2 ¼ T2 � Tw2

Tw1 � Tw2
;

h3 ¼ T3 � Tw2

Tw1 � Tw2
; / ¼ C

Cw
; P1 ¼ � h2

l1~u
@p
@x

; P2 ¼ � h2

l2~u
@p
@x

;

Gr1 ¼ gb1ðTw1 � Tw2Þh3

m21
; ð9Þ

Gr2 ¼ gb2ðTw1 � Tw2Þh3

m22
; Re1 ¼ ~uh

m1
; Re2 ¼ ~uh

m2
;

the dimensionless equations after suppressing the asterisks for
brevity are reduced as follows:

Region-I

d2u1

dy2
þ P1 þ k1h1 ¼ 0; ð10Þ

d2h1
dy2

þ Pr1 d1h1 þ Ec
du1

dy

� �2
" #

¼ 0; ð11Þ

Region-II

d2u2

dy2
þ P2 þ k2h2 ¼ 0; ð12Þ

d2h2
dy2

þ Pr2 Nb
dh2
dy

d/
dy

þ Nt
dh2
dy

� �2

þ d2h2 þ Ec
du2

dy

� �2
" #

¼ 0; ð13Þ

d2/
dy2

þ Nt

Nb

d2h2
dy2

¼ 0; ð14Þ

Region-III

d2u3

dy2
þ P1 þ k1h3 ¼ 0; ð15Þ

d2h3
dy2

þ Pr1 d3h3 þ Ec
du3

dy

� �2
" #

¼ 0; ð16Þ

where the parameters Nb; k, Pr;Nt and Ec are Brownian motion
parameter, mixed convection parameter, the Prandtl number, the
thermophoresis parameter and the Eckert number, respectively.
These are defined by

k1 ¼ Gr1
Re1

; k2 ¼ Gr2
Re2

; Pr1 ¼ m1
a1

; Pr2 ¼ m2
a2

; Ec ¼ ~u2

CpðTw1 � Tw2Þ ;

ð17Þ
Nb ¼ sDBCw

m2
; Nt ¼ sDTðTw1 � Tw2Þ

m2Tw2
;

and the diði ¼ 1� 3Þ represent heat sink or source in the regions-I,
-II and -III, respectively. We have

d1 ¼ Q1h
2

q1Cpm1
; d2 ¼ Q2h

2

q2Cpm2
; d3 ¼ Q3h

2

q1Cpm1
;

with

d1 ¼ a2

a1
; m1 ¼ l1

l2
:

Dimensionless BCs become

u1ðyÞ ¼ 0; h1ðyÞ ¼ 0; at y ¼ �1;

u1ðyÞ ¼ u2ðyÞ; h1ðyÞ ¼ h2ðyÞ; /ðyÞ ¼ 1;
du1
dy ¼ 1

m1

du2
dy ;

dh1
dy ¼ 1

d1
dh2
dy ;

)
at y ¼ 0;

u2ðyÞ ¼ u3ðyÞ; h2ðyÞ ¼ h3ðyÞ; /ðyÞ ¼ 0;
du2
dy ¼ m1

du3
dy ;

dh2
dy ¼ d1

dh3
dy ;

)
at y ¼ 1;

u3ðyÞ ¼ 0; h3ðyÞ ¼ 1; at y ¼ 2:

ð18Þ

The relation defining mass flux conservation in the channel are
as follows:

Z 0

�1
u1ðyÞdy ¼ 1: ð19Þ

Z 1

0
u2ðyÞdy ¼ 1: ð20Þ

Z 2

1
u3ðyÞdy ¼ 1: ð21Þ
3. Results and discussion

It should be pointed out that the HAM based solutions contain
convergence enhancing parameters. These parameters play vital
role in getting convergent solutions.

BVPh2.0 solver is used to analyze a three layer fluid model. The
Prandtl numbers (Pr1), (Pr2), ratio of viscosities (m1), ratio of
thermal diffusivities (d1) and non-dimensional heat generation/
absorption (di) in all the regions are chosen to be 7:0;1:0;0:5;
0:5 and �0:1 respectively, throughout the computations. We
choose Pr1 ¼ 7:0; Pr2 ¼ 1:0; Ec ¼ 0:1; k ¼ 0:5, d1 ¼ d2 ¼ d3 ¼ �0:1;
m1 ¼ d1 ¼ 0:5;Nb ¼ 0:5;Nt ¼ 0:1. To save computation time we
set cu10 ¼ cu20 ¼ cu30 ¼ h1, c

h1
0 ¼ ch20 ¼ ch30 ¼ h2. The optimized values

for the convergence enhancing parameters at various orders of
iterations are obtained by employing the command ‘‘GetOptiVar.
The objective here is to get the optimal values of the convergence
enhancing parameters by reducing the total error. The average
residual errors for each equation and total residual error for whole
system is shown in Table 1. The values for average residual errors
and the value of the total squared residual errors are reducing as
the order of iteration is increasing.

The effects of thermophoresis (Nt) and Brownian motion (Nb)
parameters on the velocity and temperature profiles at the inter-
face are shown in the Tables 2 and 3. The mixed convection param-
eters k > 0, k < 0 and k ¼ 0 correspond to the fluid heating, fluid
cooling and absence of mixed convection effects, respectively. For
k ¼ 0 the increase in the values of Nb and Nt doesnot change the
velocity profiles. However for the fluid heating case that is
k ¼ 0:5, an increase in Nt keeping Nb fixed decelerate the flow rate
at the interface. An increase in Nb keeping Nt fixed decreases the



Table 1
Individual and total residual errors when h1 ¼ �0:98;h2 ¼ �0:84; c/0 ¼ �1:02.

m 10 20 30

Eu1
m 4:29� 10�15 1:71� 10�27 3:26� 10�32

Eh1
m 4:29� 10�15 4:15� 10�27 1:61� 10�30

Eu2
m 6:23� 10�15 1:73� 10�27 2:00� 10�33

Eh2
m 1:84� 10�13 8:56� 10�26 9:62� 10�34

E/
m 6:02� 10�14 2:63� 10�26 8:67� 10�34

Eu3
m 7:25� 10�15 4:24� 10�27 3:43� 10�28

Eh3
m 5:50� 10�15 3:71� 10�27 1:2� 10�27

Et
m 2:72� 10�13 1:27� 10�25 1:55� 10�27
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Fig. 2. Velocity profiles for various values of k.
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velocity profiles. Therefore we may conclude that the velocity
profiles can be controlled by adding nanoparticles in basefluid.

From Table 3 it is shown for k ¼ 0 that the increase in Nt keep-
ing Nb fixed enhances the temperature. Large temperature show an
increase in the temperature difference between the adjacent fluid
and the wall. Temperature profile is reduced considerably for
higher Nb. It is indeed interesting to point out that in nanofluids
the existence of Brownian motion is because of particle size.
When the size of the particle approaches the nanometer scale,
the Brownian motion is an important factor in the heat transfer.
For assisting case the increase in the values of either Nt or Nb

decreases the temperature at the interface.
Figs. 2–7 depict the graphs of concentration, velocity and tem-

perature profiles. The analysis of the graphs for various values of
Eckert number, mixed convection and thermophoresis parameters
are presented.

Variations of velocity profile as a function of y for a wide of k are
plotted in Fig. 2. The flow is reversed through out the channel. It is
noted that the increased buoyancy increases flow near right wall
Table 3
Thermal characteristics at the interface when iteration order is 50.

k dh1
dy ð�1Þ

0.0 Nb ¼ 0:1 Nt ¼ 0:2 2.4537
0:5 2.4670
1:0 2.4824

Nt ¼ 0:01 Nb ¼ 0:4 2.4427
0:8 2.4112
1:2 2.3649

0.5 Nb ¼ 0:4 Nt ¼ 0:1 2.4496
0:5 2.3793
0:0 2.3196

Nt ¼ 0:01 Nb ¼ 0:4 2.4388
0.8 2.4077
1.2 2.3620

Table 2
Velocity characteristics at the interface when iteration order is 50.

k du1
dy ð�1Þ

0.0 Nb ¼ 0:1 Nt ¼ 0:1 3.7500
0.8 3.7500
1.6 3.7500

Nt ¼ 0:1 Nb ¼ 0:2 3.7500
0.5 3.7500
1.0 3.7500

0.5 Nb ¼ 0:1 Nt ¼ 0:1 3.7231
0.8 3.7264
1.6 3.7289

Nt ¼ 0:1 Nb ¼ 0:2 3.7237
0.8 3.7251
1.2 3.7272
and it decreases adjacent to interface in the clear fluid region. It
can be seen from the nanofluid region that the effects of nanopar-
ticle is to decelerate the flow therefore for flow assisting case Nb

and Nt opposes the transport phenomena in the nanofluids region.
Here the BVPh2.0 results validate the results of Aung and Worku
[20]. From mathematical point of view Fig. 3 depicts initially
h1ð0Þ dh1
dy ð0Þ h2ð1Þ dh2

dy ð1Þ

0.6458 0.2747 0.8152 0.2051
0.6607 0.2929 0.8305 0.1957
0.6780 0.3140 0.8481 0.1850
0.6335 0.2597 0.8022 0.2130
0.5982 0.2165 0.7638 0.2365
0.5463 0.1530 0.7036 0.2733

0.6469 0.2720 0.8147 0.2036
0.5671 0.1751 0.7267 0.2572
0.4996 0.0933 0.6420 0.3088
0.6346 0.2571 0.8018 0.2115
0.5994 0.2143 0.7635 0.2348
0.5476 0.1514 0.7034 0.2713

u1ð0Þ du1
dy ð0Þ u2ð1Þ du2

dy ð1Þ

1.1250 1.5000 1.1250 0.7500
1.1250 1.5000 1.1250 0.7500
1.1250 1.5000 1.1250 0.7500
1.1250 1.5000 1.1250 0.7500
1.1250 1.5000 1.1250 0.7500
1.1250 1.5000 1.1250 0.7500

1.1253 1.5145 1.1247 0.7421
1.1253 1.5113 1.1239 0.7408
1.1253 1.5080 1.1124 0.7399
1.1252 1.5141 1.1246 0.7419
1.1252 1.5127 1.1245 0.7413
1.1252 1.5104 1.1243 0.7405
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temperature is zero at the left end point and finally it approaches
to the value of unity at the right end. It demonstrates the influence
of Nb on temperature profile. An increase in Nb reduces the temper-
ature in all regions. However the effect is more pronounced in
nanofluid region. The effects of Nt on temperature distribution is
shown in Fig. 4. The general trend is that the temperature increases
and it achieves its maximum value near the right wall in the chan-
nel also the increase in Nt enhances the temperature throughout
the channel. Larger values of Nt increases the temperature
throughout the channel. Fig. 5 describes the temperature distribu-
tion for various Eckert numbers. The analysis of graph reveals
increasing Ec increase the temperature throughout the channel.
In Figs. 6 and 7 the general trend of the concentration profile is
unity at the left wall of the channel and it approaches to zero at
right wall of the channel. An increase in the values of Nb and Ec
is to increase the width of the nanoparticle volume fraction and
hence concentration profile.
4. Conclusions

BVPh2.0 is used to study the three layer fluid model. Due to the
importance of multi-layer flows in many industrial processes phys-
ically the study might have important application in future. Math-
ematically this work demonstrate the effectiveness and reliability
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of BVPh2.0 for nonlinear ordinary differential systems. The impor-
tant findings are listed below:

[1] The reversed flow phenomenon is observed and the extent
of the reversed flow region lies in the center of each layer.

[2] Larger values of the Brownian motion parameter decrease
the temperature in all regions. Especially in the nanofluid
region the contraction is much faster while quite opposite
is true for Nt .

[3] Temperature is an increasing function of Eckert number in
all the regions.

[4] Thermophoresis and Eckert number on the concentration
have qualitatively similar behavior.
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