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Abstract. Main theme of the article is to examine the entropy generation analysis for the magneto-
hydrodynamic mixed convection flow of water functionalized carbon nanotubes along an inclined stretching
surface. Thermophysical properties of both particles and working fluid are incorporated in the system of
governing partial differential equations. Rehabilitation of nonlinear system of equations is obtained via
similarity transformations. Moreover, solutions of these equations are further utilized to determine the vol-
umetric entropy and characteristic entropy generation. Solutions of governing boundary layer equations are
obtained numerically using the finite difference method. Effects of two types of carbon nanotubes, namely,
single-wall carbon nanotubes (SWCNTs) and multi-wall carbon nanotubes (MWCNTs) with water as base
fluid have been analyzed over the physical quantities of interest, namely, surface skin friction, heat transfer
rate and entropy generation coefficients. Influential results of velocities, temperature, entropy generation
and isotherms are plotted against the emerging parameter, namely, nanoparticle fraction 0 ≤ φ ≤ 0.2,
thermal convective parameter 0 ≤ λ ≤ 5, Hartmann number 0 ≤ M ≤ 2, suction/injection parameter
−1 ≤ S ≤ 1, and Eckert number 0 ≤ Ec ≤ 2. It is finally concluded that skin friction increases due to
the increase in the magnetic parameter, suction/injection and nanoparticle volume fraction, whereas the
Nusselt number shows an increasing trend due to the increase in the suction parameter, mixed convection
parameter and nanoparticle volume fraction. Similarly, entropy generation shows an opposite behavior
for the Hartmann number and mixed convection parameter for both single-wall and multi-wall carbon
nanotubes.

1 Introduction

A nanofluid is a kind of fluid which is the composition of conventional fluids, such as water, oil, etc., and small-
sized particles called nanoparticles of size less than 100 nm. Deep investigation of the literature shows that Choi and
Eastman [1] were the first who gave the idea of combining a simple fluid with nanoparticles and named it a nanofluid.
In contrast to a simple fluid, the nanofluid is found to have different thermophysical effects, such as viscosity, thermal
conductivity, thermal diffusivity, etc. [2]. It is being used in numerous industrial fields, such as nuclear reactors,
medicine, transportation, etc. For detailed study of nanofluid scope the readers are suggested to read [3]. After
the introduction of nanofluids, many researchers started revisiting the problems studied before using simple fluids.
Nanofluids have also earned a good position in the field of heat transfer problems. According to the scope of the present
paper, we will not give reference to experimental studies but only to some recent numerical study of such problems. The
study of flow and heat transfer of a nanofluid over a vertical stretching sheet was done by Dongonchi and Ganji [4]. Two
types of nanoparticles, CuO and Al2O3 were incorporated in the water base fluid. Numerical solution of the problem
was presented while considering buoyancy and radiation effects. Another study using single-wall and multi-wall carbon
nanotubes combined with water was done to investigate the flow along streamwise and cross flow direction [5]. Two-
dimensional stagnation-point nanofluid flow and heat transfer were taken into consideration by Freidoonimehr et al. [6]
using the Buongiorno fluid model. A comparative study of four water-based nanofluids containing Ag, Cu, TiO2 and
Al2O3 nanoparticles, was done by Aly [7]. The existence of multiple solutions was reported using exact solution. Flow
and heat transfer of a three-dimensional MHD nanofluid flow and heat transfer over nonlinear bidirectional stretching
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surface were studied by Mahanthesh et al. [8]. Again, water-based nanofluids containing Cu, Al2O3 and TiO3 were
used as the working fluid.

Mixed convection flow is a kind of flow where heat is transferred through both force convection and natural
convection. In the field of boundary layer flow over stretching surfaces, the flow considered along the surface where
gravity plays a role in free convection combined with the flow due to stretching of surface is a kind of mixed convection
flow. Here we will discuss some recently reported results of mixed convection flow over an inclined stretching surface
(with an angle of 90 degree, it will be a vertical surface). Two-dimensional boundary layer flow and heat transfer over an
inclined stretching surface under the effects of magnetic and viscous dissipation were analyzed by Afridi et al. [9]. The
inclined stretching sheet was considered as non-permeable, the prescribed surface temperature and numerical solution
of the problem were obtained. The Oldroyd-B non-Newtonian fluid flow over an inclined stretching surface was studied
by Ashraf et al. [10]. The problem focused on the thermal radiation effects on the flow and heat transfer characteristics.
The problem was solved analytically using the homotopy analysis method. Apart from the mixed convection flow of
simple fluids, much attention has also been paid to the nanofluid flow over inclined stretching surfaces. Bala and
Reddy [11] studied the flow of a non-Newtonian Casson nanofluid over an inclined exponential stretching surface. The
detailed study was done numerically considering velocity slip, thermal slip and Solutal slip. While studying the mixed
convection flow of the nanofluid over the inclined stretching sheet, Dhani et al. [12] discovered multiple solutions for
a certain range of physical parameters. The three-dimensional flow of a Maxwell nanofluid over an inclined stretching
surface was studied by Ashraf et al. [13]. The effects of radiation and thermophoresis were analyzed on the flow and
heat transfer characteristics of the nanofluid. The problem of Burgers’ nanofluid flow over an inclined stretching sheet
with heat and mass transfer was dealt with by Hayat et al. [14]. The solution was obtained analytically using the
homotopy analysis method. Apart from the inclined surface, analyses have also been performed for horizontal flat
surfaces discussed by various authors in the last years [15–25].

The concept of entropy generation is very crucial in the study of heat transfer problems. The entropy is the disorder
which is generated in a physical system due to many irreversible processes, such as friction, electrical resistance,
chemical reactions, etc. Since the system could not be brought to its initial state without utilizing extra energy, the
main objective is to minimize the generation of entropy. The literature shows that Bejan [26] and Qing [27] were
the first who calculated the entropy generation in the process of heat and fluid flow. Later on, many researchers
have given close attention to this important factor in the heat transfer problems. Entropy generation analysis of the
non-Newtonian Casson nanofluid flow over a stretching sheet was carried by Qing et al. [28]. In another study, Dalir
et al. [29] considered the Jeffrey nanofluid flow over a stretching sheet and analyzed the entropy generation under
the effects of magnetic field, Brownian motion and thermophoresis. The entropy generation of a viscoelastic MHD
nanofluid flow over a stretching sheet was done by Sajjad et al. [30].

The purpose of this paper is to carry out a numerical study on the entropy generation of a two-dimensional
MHD mixed convection nanofluid flow and heat transfer over an inclined stretching sheet. Two types of nanoparticles,
namely single-wall and multi-wall carbon nanotubes, are used to make the working nanofluid, whereas water is used
as the base fluid. The limiting case of our model with no suction and normal fluid (without nanoparticles) reduces
to the one studied recently by Afridi et al. [9]. Formulation of the model is presented in mathematical framework
(sect. 2). Then entropy generation analysis is defined in sect. 3. Comparison of the present study with the existing
literature is validated and further results are computed in the methodology sect. 4. In sect. 5, a whole discussion of the
present model against emerging parameters is carefully addressed. Comprehensive analysis is described in the form of
conclusion in the last sect. 6.

2 Mathematical framework

Consider the 2D mixed convection nanofluid flow along permeable inclined stretching surface, which makes an angle
of α = 45◦ with respect to the horizontal axis. The surface is linearly stretching with velocity uw(x) = cx, where
c is an arbitrary constant. A uniform magnetic field, B0, normal to the stretching surface is also applied. Under
the considered assumptions and after applying necessary boundary layer approximations the Cartesian form of the
governing equations may be written as (see fig. 1 for graphical representation)
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Fig. 1. Geometry of the model.

Table 1. Thermophysical properties of the base fluid and nanoparticles.

Physical properties Base fluid (water) Nanoparticles

SWCNTs MWCNTs

ρ (kg/m3) 997 2.600 1.600

Cp (J/kgK) 4.179 425 796

k (W/mK) 0.613 6.600 3.000

β × 105 (K−1) 21 1.9 2.1

Pr 6.2

where u and v are the respective velocities in the x- and y-directions, respectively, ϑnf is the kinematic viscosity of
the nanofluid, g is the acceleration due to gravity, βnf is the coefficient of thermal expansion of the nanofluid, ρnf is
the density of the nanofluid, T and T∞ are the fluid temperature and ambient fluid temperature, respectively, α is
the angle of inclination between horizontal and stretching surfaces, α∗

nf is the thermal diffusivity of nanofluid, μnf is
the thermal diffusivity of the nanofluid and (Cp)nf is the specific heat capacity of nanofluid. The above-mentioned
parameters are defined as

ϑnf =
μnf

ρnf
, μnf =

μf

(1 − φ)2.5
, ρnf = (1 − φ)ρf + φρs,

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)s, α∗
nf =

knf

(ρCp)nf
,

knf = kf

⎛
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2kf

)
⎞
⎠ ,

(ρCp)nf = (1 − φ) (ρCp)f + φ (ρCp)s . (4)

In the above relations, φ represents the nanoparticle fraction against the base fluid, subscript f and s represent the
properties of base fluid and nanoparticles, respectively. The values of the base fluid and nanoparticles are given in
table 1. Moreover, we consider the temperature at the stretching surface Tw of the form Tw = T∞ + ax2, where a is
an arbitrary constant. Then the corresponding boundary conditions for eqs. (1)–(3) are set as

u = uw(x), v = vw(y), T = Tw(x) at y = 0,

u → 0, T → 0 as y → ∞, (5)
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where vw is the mass transfer velocity across the permeable stretching surface, which will be defined later. To non-
dimensionalize the above governing equations, we introduce the following similarity transformations:

ψ = (cϑf )1/2xf(η), θ(η) =
T − T∞
Tw − T∞

, η =
√

c

ϑf
y, (6)

where the stream function ψ is defined as u = ∂ψ/∂y and v = −∂ψ/∂x. Using (6) it can be verified easily that
the continuity equation (1) is identically satisfied and eqs. (2) and (3) along with boundary conditions (5) take the
following non-linear differential equations form:
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f(0) = S, f ′(0) = 1, f ′(∞) = 0,
θ(0) = 1, θ(∞) = 0, (9)

where prime indicates differentiation with respect to independent similarity variable η, λ = gβf (Tw−T∞)x
u2

w
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f

is the Prandtl number, Ec = u2
w

Cp(Tw−T∞) is the Eckert number and S = − vw√
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suction parameter. Skin friction coefficient Cf and Nusselt number Nu are defined as
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w

, Nu =
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, (10)

where τw and qw are the stress tensor and heat flux, respectively. In dimensionless form, the skin friction coefficient
and the Nusselt number are written as

Re1/2
x Cf =

f ′′(0)
(1 − φ)2.5

, Re−1/2
x Nu = −

(
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)
θ′(0). (11)

3 Entropy generation analysis

The volumetric entropy generation for the considered problem is written as
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The entropy generation number is defined as the volumetric entropy generation rate, which is the ratio between
generation rate and the characteristic entropy generation, and is defined as
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where S′′′
0 is the characteristic entropy generation, Br is the Brinkman number, Ω is the non-dimensionless temperature

difference parameter and M is the Hartmann number, whose expressions are given by
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The Bejan number is defined as the ratio of the entropy generation due to heat transfer with the entropy generation
due to viscous dissipation and magnetic effects and is defined as
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In dimensionless form the Bejan number is written as

Be =
knf

kf
Re θ′2(η)

Re
(1−φ)2.5

(
Br
Ω f ′′2(η) + BrM2

Ω f ′2(η)
) . (16)

4 Numerical procedure

For the purpose of brevity we may write eqs. (7)–(9) in the following form:

1
φ1φ2
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Let us define the auxiliary variables,

x1 = f, x2 = f ′, x3 = f ′, x4 = θ, x5 = θ′. (21)

Then eqs. (17)–(19) take the following discretized form:

x′
1 = x2,

x′
2 = x3,

x′
3 = A1A2

(
−x1x3 + x2

2

)
− A1A3λ cos αx4 + A1Mx2,

x′
4 = x5,

x′
5 =

PrA5

A4
(2x2x4 − x1x5) −

Pr Ec

A1A4
x2

3, (22)

with the corresponding boundary conditions

x1(η = 0) = f(0) = S,

x2(η = 0) = f ′(0) = 1,

x2(η → ∞) = f ′(∞) = 0,

x4(η = 0) = θ(0) = 1,

x4(η → ∞) = θ(∞) = 0. (23)

The above-discretized eqs. (22) and (23) are solved using the finite difference method. The uniform step size of 10−4

and truncation error tolerance of 10−8 is used. Using the infinity test it is concluded to restrict the infinite domain to
η = [0, 12] to show the convergence of the obtained solution.
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Table 2. Comparison of results in limiting case when φ = 0.0 and S = 0.0.

Re
1/2
x Cf Re

−1/2
x Nux

Present [9] Present [9]

λ α = π/4, M = 1.0, Pr = 0.7, Ec = 1.0, S = 0.0

0.0 −1.4142 −1.4142 0.5546 0.5546

0.5 −1.2427 −1.2427 0.6976 0.6976

1.0 −1.0886 −1.0886 0.7931 0.7931

1.5 −0.9439 −0.9439 0.8974 0.8974

M λ = 0.5, α = π/4, Pr = 0.7, Ec = 1.0, S = 0.0

0.0 −0.8155 −0.8155 0.9293 0.9293

0.5 −0.9359 −0.9359 0.8659 0.8659

1.0 −1.2427 −1.2427 0.6976 0.6976

1.5 −1.6479 −1.6479 0.4685 0.4685

Pr λ = 0.2, α = π/4, M = 1.0, Ec = 1.0, S = 0.0

0.3 −1.3284 −1.3284 0.3897 0.3897

0.7 −1.3424 −1.3424 0.6219 0.6219

1.2 −1.3516 −1.3516 0.8106 0.8106

1.5 −1.3552 −1.3552 0.8962 0.8962

Ec λ = 0.2, α = π/4, M = 1.0, Pr = 1.2, S = 0.0

0.0 −1.3603 −1.3603 1.3873 1.3873

5 Results and discussion

5.1 Comparison

The system of eqs. (22) along with boundary conditions (23) were solved using the finite difference method. To show
the validity of the obtained solutions we have shown a comparison of the present results with the already published
ones, in the limiting case by not considering nanofluid and suction effects. A good agreement of the present results
with the existing literature can be seen from table 2.

5.2 Variation of velocity and temperature profiles

Figures 2 and 3 show the profiles of velocity and temperature distribution of the nanofluid under the effects of
emerging physical parameters for SWCNTs. It can be seen, from figs. 2(a)–(c), that the velocity of the nanofluid
is always enhanced by increasing the nanoparticle volume fraction. Moreover, the velocity boundary layer thickness
also increases due to the increase in the nanoparticle volume fraction. It can also be noted that the velocity of the
nanofluid increases due to the increasing value of the thermal convection parameter and, conversely, decreases due to
the increasing value of magnetic and suction parameters. On the other hand, it is evident, from figs. 3(a)–(c) that
the temperature of the nanofluid decreases due to the increasing value of the thermal convection parameter and,
conversely, increases due to the increasing value of magnetic and suction parameters. Again, the temperature of the
nanofluid is also enhanced due to the increase in the nanoparticle volume fraction, as shown in figs. 3(a)–(c).
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Fig. 2. Velocity profiles under the effects of various physical parameters.
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Fig. 3. Temperature profiles under the effects of various physical parameters.

5.3 Variation of skin friction and Nusselt number

Skin friction coefficient is also significantly affected by the emerging physical parameters. The graphs for both SWCNTs
and MWCNTs against the magnetic parameter, mixed convection parameter, Eckert number and suction parameter
are shown in figs. 4 and 5. It can be clearly noted that skin friction always tends to increase due to increase in
the nanoparticle volume fraction for both SWCNTs and MWCNTs; however the skin friction is less for MWCNTs
as compared to SWCNTs. Moreover, figs. 4(a) and 5(b) show that increasing the magnetic parameter produces an
increase in the skin friction. On the other hand, an increase in the Eckert number and mixed convection parameter
produces a decrease in skin friction which can be seen from figs. 4(b) and 5(a).

Due to the increase in the suction parameter and in the mixed convection parameter, the Nusselt number tends to
increase whereas it tends to decrease due to increasing values of the magnetic parameter and Eckert number, which
is shown in figs. 6 and 7. Overall, the Nusselt number tends to increase due to an increase in the nanoparticle volume
fraction except in fig. 7(b), where for small values of the Eckert number, the Nusselt number tends to increase, but as
the value of the Eckert number increases, the Nusselt number reverses its behavior, that is, it tends to decrease with
increasing values of the nanoparticle volume fraction. Moreover, the Nusselt number for single-wall carbon nanotubes
is less than for multi-wall carbon nanotubes, for the suction case only. It can be seen from fig. 6(a) that when the
value of the suction parameter is less than zero, that is, in the injection case, the Nusselt number for single-wall carbon
nanotubes is greater than for multi-wall carbon nanotubes, in comparison with the suction case where the Nusselt
number for single-wall carbon nanotubes is less than for multi-wall carbon nanotubes.
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Fig. 8. Profiles of entropy generation under the effects of various physical parameters.

5.4 Variation of entropy generation number

Effects of physical parameters for both water-based single-wall and multi-wall carbon nanotubes on total entropy
generation are shown in fig. 8. Overall, the entropy generation is less for multi-wall carbon nanotubes as compared to
single-wall carbon nanotubes. Moreover, it is shown that the entropy generation number increases due to the increase
in the magnetic parameter and, conversely, decreases due to the increase in the mixed convection parameter. Near the
stretching surface the entropy generation has a decreasing effect due to the increase in the Eckert number, whereas
away from the boundary layer it tends to a reverse behavior, that is, it increases due to the increase in the Eckert
number. To further investigate the effects of the physical parameters on the entropy generation at the stretching sheet,
see fig. 9. As can be observed in fig. 8, here it is also clear that for the nanoparticle volume fraction, the entropy
generation tends to increase due to the increase in the magnetic parameter and to decrease due to the increase in
mixed convection parameter and Eckert number. The nanoparticle volume fraction has different effects on the entropy
generation at stretching sheet according to different combination of physical parameters. It is evident from fig. 9(a) that
for small values of the magnetic parameter, the entropy generation decreases due to the increase in the nanoparticle
volume fraction, but as the magnetic effects increase, the effects on the entropy generation is reversed, that is, for
large values of the magnetic parameter the entropy generation increases due to the increase in the nanoparticle volume
fraction. The same happens in the case of the Eckert number, where for comparatively small values of the Eckert
number the entropy generation tends to decrease due to the increase in the nanoparticle volume fraction but, when
large values of the Eckert number are considered, the entropy generation tends to increase due to the increase in the
nanoparticle volume fraction.
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Fig. 9. Profiles of entropy generation at the stretching surface under the effects of physical parameters.
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Fig. 10. Profiles of the Bejan number under the effects of various physical parameters.

5.5 Variation of Bejan number

Physical parameters have different effects on the Bejan number at the stretching surface and away from surface.
The effects of contained parameters on the Bejan number away from the surface, but in the boundary layer region,
may be seen from fig. 10. It is evident that using a nanofluid with single-wall and multi-wall carbon nanotubes, the
Bejan number increases due to the increase in magnetic parameter and Eckert number, whereas an inverse behavior
is observed due to the increase in the mixed convection parameter. This is the case for both single-wall and multi-wall
carbon nanotubes. Moreover, it is observed that at the stretching sheet the physical parameters have opposite effects
on the Bejan number, which is shown in fig. 11. It is clear that at the stretching surface the Bejan number tends to
decrease due to the increase in the nanoparticle volume fraction for both single-wall and multi-wall carbon nanotubes;
however, the Bejan number has a lower value for single-wall carbon nanotubes as compared to multi-wall carbon
nanotubes. Moreover, the Bejan number increases due to the increase in the mixed convection parameter, whereas
it decreases due to the increase in magnetic parameter and Eckert number. It is also observed that as the value of
magnetic parameter and Eckert number the rate at which the Bejan number is decreased is also decreased significantly.

5.6 Variation of stream lines and isotherms

To detect the behavior of fluid molecules in the entire domain we have plotted the stream lines in fig. 12. These
results are plotted for various values of the suction/injection parameter S. Similarly, the variation of temperature in
the restricted domain of the model is plotted via isotherms (see fig. 13). Isotherms plots show a significant variation
of temperature for various values of suction/injection parameter S.
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Fig. 11. Profiles of the Bejan number at the stretching surface under the effects of various physical parameters.

Fig. 12. Variation of stream lines for (a) S = −1 (b) S = 0 and (c) S = 1.

Fig. 13. Variation of isotherms for (a) S = −1, (b) S = 0 and (c) S = 1.
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6 Conclusion

Entropy generation analysis for the two-dimensional mixed convection flow of a water-based nanofluid over an inclined
stretching sheet with suction effect is performed numerically. Two types of nanoparticle, namely, single-wall carbon
nanotubes and multi-wall carbon nanotubes, are used in this model. The system of governing partial differential
equations is converted via similarity transformation into suitable nonlinear ordinary differential equations (ODEs).
The finite difference method (FDM) is used to tackle ODEs in the computational software MatLab. Proper agreement of
the results for the limiting case of the present model is shown via table 2 with the existing literature. The comprehensive
key remarks on the performed study are the following:
– Velocity and temperature of the nanofluid are enhanced by increasing the volume of nanoparticles fraction. The

velocity of the nanofluid decreases due to the increase in the magnetic and suction parameters whereas it increases
due to the increase in the mixed convection parameter. For the same values an opposite trend is found for the
temperature profile.

– Skin friction increases due to the increase in the Hartmann number, suction parameter and nanoparticle volume
fraction, whereas a decreasing behavior is noted with an increase in mixed convection parameter and Eckert number.

– The Nusselt number shows increasing behavior due to the increase in the suction parameter, mixed convection
parameter and nanoparticle volume fraction and it decreases due to the increase in the Hartmann and Eckert
numbers.

– Entropy generation shows a decreasing behavior due to the Hartmann number and an increasing behavior due to
the mixed convection parameter.

– Away from the surface but within the boundary layer region, the Bejan number increases due to the increase in
magnetic parameter and Eckert number and it decreases due to the increase in the mixed convection parameter.

The first and last authors are thankful to the National Science Foundation of China (NSFC) for the financial support having
grant number 11671199.
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