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Highlights

e Analysis is performed for Prandtl fluid model.

e Results are analyzed for zero flux of nanoparticles at the surface.

e Convective and stagnation point effects are also incorporated within the nanofluid.
e Stream lines behavior is also described for radiation parameter.
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Abstract

The objective of present research work is to establish the non-Newtonian nanofluid flow and heat
transfer along a stretching surface. Stagnation point flow of Prandtl nanofluid is purposed over a
convective surface where zero normal flux of nanoparticles.is-considered to disperse the particle away
from the surface. Physical problem is governed by mathematical model which consists of continuity,
momentum, energy and concentration equations\which are adapt to non-linear ordinary differential
equations using transformation of variables. Numerical computational is implemented for coupled
nonlinear equations using finite difference method (FDM) to analyze the flow and heat transfer
characteristics under the influence of various physical parameters namely: Prandtl fluid parameter,
elastic parameter, magnetic’' parameter, stagnation parameter, Prandtl number, Brownian motion
parameter, thermephoresis’ parameter, Lewis number, stretching parameter, and Biot number.
Obtained results describe the effects of significant parameters on temperature and nanoparticle volume
concentration due to zero flux and convective boundary condition. It is found that due to zero flux,
concentration of nanoparticles disperse at the surface within the boundary layer region.

Keywords: nanofluid, convective heat transfer, Prandtl fluid model, zero flux, numerical solution.

1. Introduction



Two major classifications of fluids are Newtonian and non-Newtonian fluids. The later differs from
the former in a way that stress-strain relationship is not linear. We are circumscribed by numerous
such kinds of fluids that possess nonlinear stress-strain relationship. The applications lie in the range
of fields from our daily life to industry. Based upon high viscosity few daily used non-Newtonian
fluids are: toothpaste, ketchup, honey, paint, plastic, syrup, etc. Keeping view of such important usage
the researchers have studied various aspects of non-Newtonian fluid by considering different model
fluids, such as, power law fluid [1, 2], Prandtl fluid [3-5], and second grade fluid [6, 7].
Nanofluids are the kind of fluid which is a composite of nanometer-sized (around 1-100 nm) particles
(metals, semiconductors, carbon nanotubes, etc.) and base fluids (water, glycol-engine oil, etc.). Such
kind of fluids have revolutionized present era due to its marvelous applications in a way that, in
comparison to conventional base fluids, they help in enhancing the heat transfer rate and thermal
conductivity [8, 9]. It has been used is variety of engineering=and medical fields, like, in nuclear
reactors, where nanofluids serve as coolants due to,their high thermal conductivity; in extraction of
geothermal energy from the earth’s crust having really high temperature ranges from 500°C to 1000°C,
where the nanofluids having superconductivity~may be used to extract geothermal energy to meet the
energy need of world; in automabiles, where with the use of nanofluids the aerodynamics of
automobiles may be improved- resulting in reduced friction, economical fuel consumption and
improved performance; in“biomedical applications, where with the proper use of nanofluids the drug
may improve its performance by targeting directly to the area of interest while reducing the side
effects by not affecting other parts, are few of them. For more detailed applications readers are
referred to ‘[10]. /Therefore recently it has become a very demanding area of research due to
nanotechnology. Moreover, the study of nanofluid at stretching surface in specific has been the area of
interest for many researchers. Few recent studies that deals the heat transfer analysis in the absence
and presence of nanoparticles are [11-28]

The term convective heat transfer is simply referred to as heat transfer through convection. That

is, when a fluid flows past a solid surface and heat is transferred between fluid and the surface. Such
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kind of heat transfer has vast applications. Foremost examples included: baking of breads and cookies,
making of ice-cream, preserving food stuff in cold chiller rooms, etc. Having such important
importance in our daily life, convective heat transfer over different types of surfaces has been studied
in past. Recently convective heat transfer of carbon nanotubes tubes based nanofluid flow over
stretching sheet was studied by Noreen et al. [29]. Two-dimensional and three-dimensional
non-Newtonian nanofluid over stretching surface was explored by S. Nadeem et al. [30-34]. In another
study, Shehzad e al. [35] discussed the 2-D stagnation point flow of Jeffry fluid to analyze the Soret
and Dufour effects on fluid characteristics. For detailed study of convective heat transfer, readers are
referred to [36].

As discussed in details in the above sections that the study of nanofluid has already benefited in
versatile areas in engineering and medical sciences, many of its‘aspects are still yet to be discovered to
meet the requirements of future needs. Main purpose of present paper is to study non-Newtonian type
of fluid flow by considering Prandtl fluid model over convective stretching sheet where zero normal
flux of nanoparticles is considered. All the governing\equations are analyzed numerically and useful
results are presented and discussed through numbers and graphs. The paper is distributed in various
sections as: section 1 gives insight into the existing literature and motivation towards the present
research work; section 2 is devoted.to/model the governing equations and convert them to suitable
form for numerical experiment; section 3 presents and discusses the useful results; section 4 gives the
precise conclusion ofithe’present research work. All the cited references are listed in reference section.

2. Mathematical Framework

Let.us consider 2-D stagnation point flow of a Prandtl fluid flow over a convective stretching
surface. The fluid is incompressible, steady and confined to Cartesian plane (y >0). Fluid flows
along positive y-axis and meets the plane y=0. Surface is stretched with linear constant velocity

and uniform magnetic field is applied normal to it. The stress tensor defined for Prandtl fluid is given

by [3-5]:
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Where, A and C are the material constants of Prandtl fluid model. After necessary boundary layer

approximation, governing equations involved with the Brownian and thermophoresis are described as

follows [12]:
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where u, u,, v, T, T,, T ,»CC, and C_ denote the velocity of fluid in x— direction,

ambient fluid velocity, velocity. of fluid in y — direction, temperature of fluid, temperature of fluid at

the stretching surface, .ambient fluid temperature, nanoparticle volume concentration, nanoparticle
concentration at -the “stretching surface and nanoparticle concentration at the ambient fluid,

respectively,~9" denote the kinematic viscosity of the fluid, o is the electrical conductivity, p is the
density of-fluid, "« represents the thermal diffusivity of fluid, z, = (oc),/(oC), represents the ration

of heat capacity of the particle to heat capacity of the fluid, D; and D represent the thermophoretic

diffusion coefficient and Brownian diffusion coefficient, respectively. The boundary conditions for

equations (2)—(5) are set as:
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In Eq.(6), expression D, E + T o =0 is used for zero normal flux. Where, u,(x) and u_(x) are

the velocity of the sheet at wall and free stream velocity of the fluid. By using the similarity

transformations to convert the above partial differential equations (2)—(6) into ordinary differential

equations:
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Where, velocities u=0y /oy and v=—-0w/ox are defined insterm of stream function y . Using the
definition of stream function y it can be verified easily‘that Eq. (2) identically satisfied the law of

conservation of mass and Egs. (3)-(5) along withurelevant boundary conditions defined in Eg. (6) are

converted into the following form:
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The dimensionless*ferm of boundary conditions relative to the defined model is,

£(0)=0, f'(0)=4, f'(n >ow)=r,
8'(0) = —Bi(L—6(0)), 6(17 — ) =0, (11)
Nbg'(0) + Nt@'(0) = 0, $(17 — o) =0.

where, prime indicates the differentiation with respect to 7, where «=A/C, is Prandtl fluid

parameter, [ = a3x2A/ 2C9 is elastic parameter, r =b/a is the stagnation parameter, 1 =c/a isthe



stretching (4 >0) or shrinking (1<0) parameter, Pr=9/a is Prandtl number, M =oB?/pa is

_(p9),D4(C, ~C.)
v(pC);

(pc), D (T, —T,)
vT, (pc);

magnetic parameter, Le=a/D,, Nb , and Nt= are the

Lewis number, Brownian motion, and thermophoresis parameter, respectively. Friction and heat

transfer at the surface are defined as:
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Where, 7, and g, are the stress tensors and heat flux, respectively:

LY As[a_“j, qW:—a[a—T] , (13)
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Dimensionless form of equation (13) take the form:

JRec, = [af ")+ B( f "(77))3} . Re” Nu=-0'(0). (14)

n=0
Uy, X .
where, Re, = %IS local Reynolds number.
3. Methodology

Numerical simulation is performed averisystem off non-linear coupled Egs. (8)-(10) along with the
associated boundary conditions,defined in Eq. (11) using finite difference method. The uniform step
size of 10 and truncation’error tolerance of 10° was used. After initial experimental analysis it
was concluded to-restrict the infinite domain to 7 = [0, 20] to show the convergence of the solution
profiles. The obtained useful results are discussed in the following paragraphs. Table 1, shows the
validation-of present study with the result published by Khan and Pop [12]. In this comparison, results
are produce in the absence of zero normal flux so we have used the expression for Sherwood number

is Re”? Sh=-¢'(0).

Table 1 : Comparison of numerical values for Re;”* Nu,_ and Re,"? Sh for constant wall temperature
when Pr=10 and Le=1.



a=A1=1 p=M=r=0, Bi »> o | Present results | Present results | Khan [12] | Khan [12]
Nt —0'(0) —¢'(0) —0'(0) —¢'(0)
0.1 0.9524 2.1294 0.9524 2.1294
0.2 0.6932 2.2732 0.6932 2.2740
0.3 0.5201 2.5286 0.5201 2.5286
0.4 0.4026 2.7952 0.4026 2.7952
0.5 0.3211 3.0351 0.3211 3.0351

4. Results and discussion

Figures 1 and 2 depicts the velocity profiles f'(r7) of fluid under the change .of involved physical
parameters, that are, Prandtl fluid parameter « , Magnetic parameter M ; stretching parameter A,
stagnation parameter r and elastic parameter S. Figure 1(a) shows that the due to increase in
Prandtl fluid parameter o fluid velocity f'(r7) tends to increase for stretching surface A>0
whereas inverse profiles was observed in the case of shrinking sheet A <0. Looking at figure 1(b) we
can see that due to increase in magnetic parameter M the fluid velocity f'(;7) tends to decrease in

the case of stretching sheet A >0 whereas inverse behavior is observed in the case of shrinking case
A<0. The velocity boundary layer thickness-tends to decreases by increase in magnetic M and
Prandtl fluid parameter « . Figure 2(a) shows the effects of stagnation parameter r over fluid

velocity f'(z) over stretching "4 >0 _/and shrinking sheet 2 <0. It can be seen clearly that velocity
f'(n) tends to increase for both stretching and shrinking cases, as the value of stagnation r
parameter increases. Figure 2(b) shows that both velocity f '(s) and boundary layer thickness tends
to decrease due-tonincrease in elastic g parameter for >0 and A<O0. It is further noted that the

velocityfor the'stretching 4 >0 is more than the shrinking case 1<0.
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Figure 1: Effects of Prandtl fluid « and magnetic M parameter over fluid velocity f'(n).
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Figure 2: Effects of stagnation r and elastic g parameter over fluid velocity f ‘(7).

Figure’3and 4 depicts the effects of involved physical parameters on the fluid temperature 6(r) .
Figure 4(a) shows that temperature &(r7) is increased due to increase in Prandtl fluid parameter « .
Moreover temperature &(r) is noticed to be higher on shrinking sheet 1 <0 than stretching sheet
A>0. Figure 3(b) shows that the temperature &(n) and thicknesses of boundary layer is declined

due to increase in Prandtl number Pr for A>0 and A<0. Itwas also noticed that temperature is
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lower for stretching sheet A4 >0 than of shrinking sheet 1 <0. Figure 4(a) shows that temperature
increases @(r) due to increase in Biot number Bi whereas thermal boundary layer thickness is
decreased. The temperature for shrinking case A <0 is greater than the stretching case A>0 for
various values of thermophoresis parameter. Figure 4(b) shows the temperature distribution decreases due
to increase in thermophoresis parameter Nt in the case of shrinking sheet A <0 whereas inverse

behavior was observed in the cases of stretching sheet 4 >0.
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0.4 0.4

Shrinking sheet (A=-0.3)

B=Le=r=1,Pr=3.97
M=Nb=Nt=Bi=0.5

Shrinking sheet (A=-0.3)

B=Le=r=1,0=0.5
M=Nb=Nt=Bi=0.5

0.3 0.3
= . G
>~ s a = 01, 1, 2 ~—
I 0.2 % D 0.2 Pr=3.97,6.2,14.2

01} 01}

(0N o oy | oL w|‘ 1
0 1 2 3 0 1 2 3

(a) n (b) n

Figure 3: Variation of &(n) for various values of Prandtl fluid parameter and Prandtl number Pr.
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Figure 4: Variation of &(n) for various values of Biot number (Bi_and thermophoresis parameter

Nt.

Figure 5 shows that variation in shear stress due to various.physical parameters involved. It is shown
by figure 5(a)-5(c) that skin friction coefficientialways tends to decreases by increasing stretching
parameter A. It is also noted that, by increasing the vales of magnetic parameter M, elastic
parameter A and stagnation parameter. r lincreases the friction with the wall. Whereas skin friction
decreases by increasing Prangdtl” fluid parameter « . Figures 6 and 7 demonstrate the variation of
Nusselt number due to e¢hange in involved physical parameters. It is noticed that Nusselt number
always tends to increaseS due to increase in stretching parameter A. Figure 6(a) shows that Nusselt
number decreases, due to increases in elastic parameter 4 and Prandtl fluid parameter « whereas
inverse profile. was observed for increasing value of magnetic parameter M . The Figure 7(a) shows
very interesting behavior of Nusselt number where Nusselt number tends to increase due to increases
in thermophoresis parameter Nt where stretching parameter A has value less than or equal to -0.5
and inverse profiles are obtained when stretching parameter A value is greater than -0.5. Figure 7(b)
shows that increasing Prandtl parameter « and Biot number Bi increases Nusselt number. Figure 8

shows that graphical representation of streamlines for various values of shrinking parameter 4<0.
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Figure 5: Effects of magnetic M , elastic £ and stagnation /T ~parameter over skin friction

coefficient.
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Figure 6: Effects of elastic 4 and magnetic M parameter over Nusselt number.
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5. Conclusion
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Study of stagnation point flow of non-Newtonian (Prandtl fluid model) is deal in the presence of
nanoparticles over a convectively surface. Moreover, zero normal flux of nanoparticles was studied in
this paper. The effects of contained physical parameters namely:, Prandtl fluid parameter «, elastic
parameter S, magnetic parameter M , stagnation parameter r, Prandtl number Pr, Brownian
motion Nb thermophoresis Nt, Lewis number Le, stretching parameter A, and Biot number Bi,
on the quantities of interests: fluid velocity, temperature, skin friction and heat transfer rate were
analyzed in details. It is found that for stretching sheet 2 >0 fluid velocity f '(z7)wincreases due to

increase in « whereas decreases due to increase in M . For shrinking sheet4.< 0 fluid velocity
tends to decrease due to increase in « and increases due to increase in“magnetic parameter M . For

both stretching and shrinking cases, fluid velocity f'(s) increases due“to increase in stagnation
parameter r whereas it decreases due to increase in elasticqparameter . For both stretching 2>0
and shrinking A4 <0 sheet, the fluid temperature &(z) .is increased due to increase in Prandtl fluid

a parameter and Biot number Bi whereas decreases due to increase in Prandtl number Pr. Fluid

temperature &(r7) also increases due to increase.in thermophoresis Nt parameter for stretching case

while it decreases for shrinking case.«Wall skin friction was reduced due to increase in Prandtl fluid
parameter « and stretching parameter 2 however, it increases due to increase in magneticM ,

elastic B and stagnation.parameters r. Wall heat transfer rate is increased due to increase in

stretching 4, magnetic M, Prandtl Pr parameters and Biot Bi number and reduced due to increase

in Prandtl fluid «, elastic g and thermophoresis Nt parameter.
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Graphical Abstract &

Model is intended to describe the variations of skin friction for various values of emerging parameters
and behavior of stream lines for shrinking case.
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