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ABSTRACT

Main objective of this frame work is to establish the modeling and simulation of mix
convection flow along a vertically heated sheet filled with water. Two important mecha-
nisms: magneto-hydrodynamics and porous medium are also considered within the
restricted domain of the fluid flow. Temperature is controlled with the wall temperature
and then mathematical model is constructed in the form of PDEs. To determine the sim-
ilarity solution results are obtained via two different techniques. Numerically solutions are
obtained with the help of shooting technique and then validate with the help of optimal
homotopy analysis method (OHAM). Obtained analytical and numerical results are vali-
dated graphically. Effect of emerging parameters are plotted for velocity and temperature
profiles. It is found that for mixed convection parameter (£<0), velocity profile depicts the
increasing behavior for various values of power index m. However, for £ >0, velocity profile
shows the decreasing behavior with respect the parameter m. Temperature distribution in
the restricted domain depicts the decreasing behavior for both m and £.

© 2017 Hydrogen Energy Publications LLC. Published by Elsevier Ltd. All rights reserved.

Introduction

relative contribution of natural or forced convection depends
upon the flow behavior (laminar flow or turbulent flow) and
temperature of the fluid. Mixed convection phenomenon has

Mixed convection phenomenon is of significant importance
because flow is driven under the influence of dual forces.
Natural convection under the effect of buoyancy force and
forced convection due to the application of stress. Mixed
convection is desired when only the forced convection or the
natural convection is not sufficient to achieve the results. The

* Corresponding author.

applications in several industrial and engineering processes
like cooling systems, water transportation system, chemical
separation instruments and electronic devices cooling pro-
cess. Sparrow et al. [1], developed the similarity solutions for
the mixed convective boundary layer flow. Merkin and Pop [2]
considered the mixed convection flow along the vertical
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surface and obtained the similarity solution when the free
stream velocity is uniform. Recently Nadeem and Saleem [3]
discussed the mixed convection flow of Eyring—Powell fluid
along a rotating cone. Noor et al. [4] considered the mixed
convective flow of micro-polar nanofluid and discussed the
effects of micro-rotation and Brownian motion on the
convective heat transfer. Some recent studies also shed the
light on important aspects of convective heat transfer [5,6].
Another important aspect can be the study of mixed convec-
tion in porous media. Heat transfer process in porous media is
involved in several processes like transpiration cooling,
separating chemicals in industrial process, filtration process
in aquifers, storage and transport of nuclear waste material
etc. Nield and Bejan [7], Ingham and Pop [8] and Vafai [9] books
explored different aspects of convection in porous media and
its industrial applications. Kumaran and Pop [10] referred to
an important aspect that most of the studies considered the
mixed convection at the normal temperature where the den-
sity of the fluid is constant and the Boussinesq approximation
is valid. Fluid density does vary with the change in tempera-
ture. Water has the maximum density of 999.97 kgm—> at4 °C
[11]. For temperature greater than 4 °C, the density of water
decreases with the increase in temperature. However, for
temperature less than 4 °C the density of water increase with
the increase in temperature and has the maximum density at
4 °C. The maximum density of water p. in liquid state is
attained at the temperature T, = 3.98 °C. Goren [12] has shown
that the relationship between the density and the tempera-
ture is given by~ = —y(T - T.)?, where y = 8 x 107°(°C) 2 is
the fluid thermal expansion coefficient of water at 4 °C. Moore
and Weiss [13] stated that above equation is accurate within
the range 0°C < T < 8 °C with the precision +4%. For wider
range of temperatures, Gebhart and Mollendorf [14] propose
another relation but in present article, the above-mentioned
relation is used. For small temperature variations around T,
the free convection, motion is relatively small and it can be an
important consideration in cooling systems where the inter-
est lies in reducing the free convection like coolants and en-
ergy plants.

In cooling systems, another important aspect is the effect
of magnetic field along with the mixed convection flow.
Georgantopoulos et al. [15] considered the oscillatory
convective flow of water at 4 °C along an infinite porous plate.
Takhar and Perdikis [16] studied the magnetic field effects on
the free convective flow of water past an infinite porous plate.
Recently Xenos et al. [17] discussed the free convective MHD
flow of water at 4 °C along a vertically permeable surface.
Finite volume discretization method is used to solve devel-
oped mathematical problem. It is reported that in free
convective flow the velocity decrease due to the presence of
magnetic field. Present article is aimed to explore the mixed
convective flow of water at its maximum density (i.e at4 °C) in
the porous media for the three cases namely; Variable wall
temperature, Variable Heat flux and Variable heat transfer
coefficient. These three conditions are assumed in such a way
that the temperature of the wall, heat flux and the heat
transfer coefficient are changing proportionally to space var-
iable along the plate. Moreover, variable free stream velocity is
considered which is changing along the coordinates of the
plate. Recent studies indicate the magnetohydrodynamics

effects for various physical models [18—24]. Apart from
mentioned studies, recently essential part of research is
focusing to convert the chemical energy into electricity
from fuel cells and these studies presented by various
authors [25—29].

This study governs the mix convection flow of water at4°C
along a vertically plat. Two important mechanisms: magneto-
hydrodynamics and porous medium are also considered with
the surface of the plat. The major format of the whole study is
defined in the following sections. In section two, mathemat-
ical model is constructed according to the defined geometry.
In section three, a convergence criterion is obtained via
OHAM. Numerical method for present study is defined in
section four and result and discussion are analyzed in the last
section.

Mathematical model

Consider the steady incompressible flow of mixed convection
fluid along a vertically semi-infinite surface. It is further
considered that semi-infinite region fenced with the porous
medium that is filled with the working fluid water at 4 °C. A
uniform magnetic field is applied normal to the surface of the
vertical plate and temperature of the surface is controlled
with three various way namely: variable wall temperature
(VWT), variable heat transfer coefficient (VHF), and variable
heat transfer coefficient (VHTC). The ambient fluid tempera-
ture is considered to be T, = T; while rest of fluid embedded
in porous media is constant. For simplicity Cartesian coordi-
nate system (x, y) is adjusted in such a way that x-axis is
considered vertically and y-axis is taken horizontally. The
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Fig. 1 — Geometry of the model.
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plate y = 0 is located parallel to the free stream velocity
Ue = UnX?™; oriented in the upward direction such that mis a
scalar quantity (shown in Fig. 1). The governing boundary
layer equations in the presence of Boussinesq approximation

are [5,30]:
ou ou
21220 1
ax oy @
For Porous media For MHD For mixed convection
M O'B2 2
(U—Ue)p— +(U—u)—2 =xgy(T-T)" (2a)
Pec Pe

Simplified form of Eq. (2a) is represented as:

_ gk’ypc _ 2
u= ueiiu—&- akBg(T To)%, (2b)
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where u and v are the velocity components and T is the tem-
perature of fluid. The compatible boundary conditions are
defined as:

u(x,0) =0,u(x,y)— u(x) or (T(x,y)—T.)asy—oco. (4)

The constants u, k, am, g, o, ¥ and By are, viscosity, perme-
ability, thermal diffusivity, gravitational acceleration, the
electric conductivity, thermal expansion coefficient and
applied magnetic field, respectively. The plus sign inEq. (2b)
accounts the assisting flows and the minus sign represent
the opposing flows. Since, three various wall conditions: (i)
variable wall temperature, (ii) variable heat flux and (iii) vari-
able heat transfer coefficient are considered so, Egs. (1)—(4)
will be solved under one of the following conditions [10]:

() (vwn) T =T, (52)
(i) (VHF) %1 % (x,0) = xm-1/2, (sb)
(i) (VHF) TilT %(X,O) _emn (50)
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Stream function v, in the usual way as (u,v) = <ﬂ 7@) that

automatically satisfy Eq. (1), while Egs. (2b) and (3) takes the
following form

o _
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Introducing the following similarity transformations [5,10].

V(xy) = anPelf(n), Tx,y) = Tl +x"0(n)],n = Lpel2.  (8)

e (X)X

where Pe, = “a—m is the local Peclet number. Hence, we obtain

f'(n) = 1+¢€6(n)*, (9a)

0 tn) + =2 ) () — mf (o) =, (9b)
and
£(0) = 0. (m)—1(or #(n) ~0) as n—co. (10)

where, £=¢£(x) is the mixed convection parameter that
contain, Hartmann number, modified Rayleigh number and
Peclet number which is defined as:

T. Ra

17 M2 Pe (11)

&=

2 . .
where, M2 =¥ is the Hartmann number, Ra = 2T, is the
o

pom

modified Rayleigh number and Pe=%= being the Peclet
number. The primes denote differentiation with respect to the
similarity variable n: The wall temperature condition 5(a)—5(c)
leads to §(0) = 1, or ¢'(0) = —PeY/? or §(0) + Pe2 ¢'(0) = 0. The

velocity filed v = (u, v, 0) is expressed in terms of f and f":

u(x.y) = wX)f (1), v(x,y)
— ST Pel/2((2m — L)nf () + (2m + 1)f ()] 12)

Note that the parameter £ determines the physical phe-
nomenon is one of the forced convection £ =0 free convec-
tion £— oo or mixed convection £+0.

Optimal Homotopy Analysis Method (OHAM)

In order to obtain the convergence of current model, we have
imposed HAM that is dealing the values of convergence control
parameters. To optimize the involved emerging parameters,
OHAM is applied in the given domain. For this determination,
we have obtained discrete squared residual error for kth iter-
ation that is presented by Ref. [31], Tables 1 and 2

Table 1 — Total average square residual errors for

m=02 £=03.

k = Number of by hy % CPU time
iteration (sec)
04 —1.3847 -1.3663 2.0516 x 10~* 15.110
06 —1.5657 —1.4782 5.5545 x 10 72.150
10 —1.6921 -1.6162 4.7439 x 10°° 869.45

Table 2 — Individual averaged square residual errors
using optimal values at k=10.

k = Number of E{ E4 CPU time (sec)
iteration

04 4.4539 x 1077 6.6705 x 10°° 09.38

06 1.8719 x 10° 6.8904 x 10~° 4498

10 5.8288 x 10°% 4.7389 x 10°° 48.15
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where 7; = jAn, An = 0.5 and N = 20. The total discrete square
residual error, defined as:

EC = B, +EJ, (15)

total total
EP  QEptl

- = 1
ohy om0 (16)

Numerical technique

Numerical approach has been proposed to validate the ob-
tained optimized solutions through two different analytical
techniques HAM and OHAM. System of coupled differential
Egs. (92) and (9b) with the boundary condition (10) are converted
into the initial value problem by shooting method and then
solve that system with the help of Runge—Kutta—Fehlberg
method. The procedure of shooting method is mentioned
below:

To convert the boundary value problem to initial value
problem we need to fix

fa=p.fm)=p=a0m=r6mn=r=s

17
p=1+&0(n)’, @)
, 1+2m
s =mf'(n)6(n) - —5—1f(n). (18)
The associated initial conditions are as follows:
f(0)=0, 6(0)=0. (19)
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To determine the missing condition at 7 — o, we integrate
Egs. (17) and (18) with the initial condition (19), the values of
p(0) =f'(0) =« and r(0) = ¢'(0) = 8 are required. The suitable
guess for p(0) and r(0) are chosen and then integration is per-
formed. For this particular model step size is considered as
An = 0.01 and the convergence criteria were set to 10°°,

Method's compatibility

Before going to discuss the result analysis, it better to validate
both numerical and OHAM result. For this, results are plotted
in Fig. 2, both velocity and temperature profile for (a)
m=0.2, £=0.3 and (b) m=-0.25, ¢ =0.4. One can see that
results produced by numerical approach are in good agree-
ment with Optimal Homotopy Analysis Method (OHAM) (see
Fig. 2).

Comparison of results

In order to validate our present study with the existing liter-
ature, we have made a comparison with the results published
by Guedda et al. [30]. One can see that present obtained results
via OHAM are showing the excellent agreement for each ve-
locity and temperature profile (see Fig. 3). It can further
observed that present study demonstrate the better conver-
gence, more stable and long lasting results as compare to re-
sults obtained by Guedda et al. [30]. Furthermore, present
established results are accurately satisfying the boundary
conditions for both momentum and energy equations.

Results and discussion

In order to investigate the fluid behavior within the boundary
layer thickness, results are plotted for f(n) for various values of
emerging parameters ¢ and m (see Fig. 4). Here in Fig. 4, results
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Fig. 2 — Comparison between numerical and OHAM approach for (a) velocity profile and (b) temperature profile.
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Please cite this article in press as: Ul Haq R, et al., MHD mixed convection flow along a vertically heated sheet, International Journal of

Hydrogen Energy (2017), http://dx.doi.org/10.1016/j.ijhydene.2017.04.225



http://dx.doi.org/10.1016/j.ijhydene.2017.04.225
http://dx.doi.org/10.1016/j.ijhydene.2017.04.225

6 INTERNATIONAL JOURNAL OF HYDROGEN ENERGY XXX (70T7> 1—8

are classifying according for £<0, ¢£>0 and £=0 for
m = —0.2, 0 and 0.2. Through results it can easily determine
that effects of m are not significant for f(n). But in the inset it
can be figure out that there is a slight increase in the f(n) when
(¢ <0). However variation in the results of f(n) are opposite for
increasing values of m when (£>0). Since there are three
physical parameters namely: MHD parameter M, modified
Rayleigh number Ra and the Peclet number Pe are merged in a
single parameter £. So the combine effect of all this parame-
ters can be visualized with the variation of £. Again it can be
observed through Fig. 4 that there is an increase in the f(n)
with simultaneous increase in ¢ with m.

Variation of the velocity profile f(n) for various values of ¢
and m are plotted in Fig. 5. It is observed that the behavior of

7F /
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Fig. 4 — Variation of f(n) for various values of ¢ and m.

n

Fig. 5 — Variation of f'(n) for various values of ¢ and m.

velocity profile f'(n) remains same in Fig. 5 for each value of
m, when these are compared with Fig. 4. Results obtained in
Fig. 5 depict the effects of m which are very dominant on ve-
locity variation. It is found that for (£>0), graphs for velocity
profile shows the decreasing behavior for increasing value of
m. On the other side when (£<0), results produced for ve-
locity are showing the increasing behavior for each increasing
values of m. Fig. 5 also depicts that the behavior of boundary
layer thickness is getting reduce for each value of physical
parameter. However, when ¢ =0 then the behavior of the
velocity profile remains uniform that is (f(y) = 1). Simulta-
neous effects of emerging parameters £ and m on temperature
profile f(n) are plotted in Fig. 6. Falling of temperature
described that there is loss of energy due to increase in the
power index m. Physically, higher values of power index m
show the increase in the free stream velocity. Consequently,
heat will disperse because of higher disturbance in the fluid. It
is further determine that behavior of 4(n) for each value of ¢is
getting decrease. Since £ is ratio of Rayleigh to Peclet number
so increase in £ implies increase of Rayleigh number that
decrease the temperature profile within the boundary layer.
Moreover we can further observe that for each value of ¢ and
m, thermal boundary layer decreases gradually.

The 3-Dimension behavior of streamlines pattern is plotted
for u(x, y) and v(x, y) in Fig. 7(a) and (b), respectively. Here re-
sults are generated for various value of m while value of ¢ is
kept fixed. As from Fig. 7(a), it can be observed that stream line
which is constructed for m = —0.25 is intersecting the rest of
stream lines at x = 1. Further, it is found that with the
simultaneous increase in x— and y— directions gives the
dominant variation in the stream lines along v(x, y). It can be
analyzed that results produced in Fig. 7 shows the dispersion
of u(x, y) for each value of m = —-0.25,0,0.10 and 0.25 atv=0. To
analyze the fluid flow parameter, results are plotted in the
form of stream lines (see Figs. 8 and 9). These results are
plotted within the boundary layer region for various values of
emerging parameters m and £. Further it is determined that

m=-0.2
— — - m=0.0
_——— - m=0.2

06
G
3
04} ‘\\\\\\\\ £ =-0.5,-0.25, 0, 0.25, 0.5
S\
i \\\\\\\\\\
0.2 j \\\\\ \
[ ETR)
- N
B ”::"&*;,
ob .y e ‘
0 1 2 3 ) 5 6 7

Fig. 6 — Variation of 6(n) for various values of ¢ and m.
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Fig. 7 — 3-D view of stream lines for various values of m (a) u(x, y) and (b) v(x, y).
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Fig. 8 — Variation of (a) u(x, y) and (b) v(x, y) when (m=0.1, ¢ = —0.25).

6
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Fig. 9 — Variation of (a) u(x, y) and (b) v(x, y) when (m=-0.3, ¢ = 0.25).

Please cite this article in press as: Ul Haq R, et al., MHD mixed convection flow along a vertically heated sheet, International Journal of
Hydrogen Energy (2017), http://dx.doi.org/10.1016/j.ijhydene.2017.04.225



http://dx.doi.org/10.1016/j.ijhydene.2017.04.225
http://dx.doi.org/10.1016/j.ijhydene.2017.04.225

8 INTERNATIONAL JOURNAL OF HYDROGEN ENERGY XXX (2017) 1-8

the variation of velocity profiles along x and y directions gives
the very dominant effects in stream pattern that based on
negative and positive values of emerging parameters.

Conclusion

In this article we have deal the MHD mixed convection flow
along a heated wall that is filled with the porous media at4 °C.
Significant effects of wall temperature are determined for
temperature profile in the restricted semi-infinite domain.
Governing partial differential equations are rehabilitated in
the form of ordinary differential equation via suitable trans-
formation. Results are obtained via two separate techniques:
numerically with the help of shooting technique and verified
with the help of OHAM. Mixed convection parameter ¢ plays
a most dominating role on the whole analysis. It can be found
that for ¢<0, velocity profile depicts the increasing behavior
for various values of m. However, for £>0, velocity profile
shows the decreasing behavior with respect the parameter m.
Temperature distribution in the restricted domain depicts the
decreasing behavior for m and ¢ . Results obtained from both
numerical and analytical techniques depict the excellent
agreement.
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