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Abstract

This study deals the simultaneous effects of inclined magnetic field and prescribed
surface temperature (PST) on boundary layer flow of nanofluid over a stretching sheet. In order
to make this mechanism more feasible, we have further considered the velocity slip and thermal
radiation effects. Moreover, this perusal is made to consider the two kinds of nanofluid
namely: Cu-water and Al,05-water. Inclined magnetic field is utilized to accompanying an
aligned angle that varies from 0 to /2. The exact solutions are acquired from the transformed
non-dimensional momentum and energy equations in the form of confluent hypergeometric
function. Lorentz forces and aligned magnetic field depicts the significant effects on nanofluid.
We found that, due to the increase in the aligned angle provides the enhancement in local skin
friction coefficient and a reduction in the local Nusselt number. The combined impacts of
inclined magnetic field with other emerging parameters such as velocity slip, thermal radiation
and nanoparticles volume fraction on velocity, temperature, local Nusselt number and skin
friction coefficient are examined. Flow behavior of nanofluid is also determined via stream lines

pattern.



Graphical Abstract:

Analysis is reported for two different homogenous mixtures namely: Cu-Water and Al,05-Water
in the presence of thermal radiation. These vital results are describing the flow behavior via
stream lines.
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1. Introduction

Magneto-hydrodynamics (MHD) is the investigation of the fluid mechanics connected with
electrically conducting fluid along with electro-magnetic physical proceeding that possesses
significant industrial achievements. MHD has numerous applications based on its wide use at
industrial level. For instance few particular applications are MHD power generators, cooling of
nuclear reactors, bearings, Micro MHD pumps and boundary layer influence are impacted by the
association into a magnetic field and electrically leading fluid. Hydromantic boundary layers are
significantly affected by the magnetic field and electrically conducting fluid. Hydromantic
boundary layer watched in a few technical system utilizing fluid metallic and plasma flow like

transversal of magnetic field. For instance, the control of flow could be acknowledged through



the Lorentz forces. Nowadays, several research articles deal with the boundary layer flow
problem by stretching surface in traverse flow under the impact of magnetic field [1-8]. The
study of fluid over a stretching sheet is an imperative issue in numerous applications in industrial
field such as polymer sheets and fibers production by continuous expulsion of the polymer from
a pass on to a windup roller, which is situated at a finite distance away. The number of
researchers has discussed the boundary layer issues past a stretching surface into sheet’s vicinity
and horizontal magnetic extent [9-15].

The increments in viable thermal conductibility have critical impact on enhancing the
heat transport conducts of fluids. All through several manufacturing equipment, heat should be
conflated, evacuated, as a choice actuated starting with individual procedure flow then onto the
next and it has turned into a noteworthy undertaking as industrial requirement. These procedures
give an origin to energy recuperation and treat fluid heating as well as refrigerating. The
improvement concerning warming/refrigerating within a mechanical procedure might make a
preserving into vitality, lessen action time, increase heating appraising and protract the working
apparatus existence. The advancement of superior thermal conductivity of liquid for heat transfer
improvement has become followed presently. In this manner the appearance of elevated heat
flow forms claims critical interest in order to advancements toward improve heat exchange.
Researchers have attempted to enhance the characteristically poor thermal conductibility of those
conventional heat transfer liquids using the macroscopic effective medium theory (EMT)
introduced by Maxwell [16] (1873) for viable properties of mixture. Modern nanotechnology
committed the chance to acquire nanometer-sized particles which are very unique in relation to
the nurture material in mechanical, electrical, thermal, and optical attributes to improve the heat

transfer efficiency compared to the traditional.



The expression "Nanofluids™ is utilized for the liquids acquiring of nano-sized
metallic/non-metallic particles. Nanofluids are engineered toward suspending nanoparticles
having normal volumes underneath 100nm within host fluid for instance, 1, 2-
Ethanediol (CH,0H),, water and oil. Nanofluids ordinarily utilize metal or metal oxide
nanoparticles, for example, copper and alumina. The fundamental thought of utilizing
nanoparticles is to improve the thermal attributes of a host fluid. Accomplishment of nanofluids
with enhanced thermal uniqueness can be imperative in stipulations of more equipped cooling
frameworks, weighty in higher productivity and vitality savings. A few forthcoming applications
for nanofluids are heat exchangers, radiators for motors, prepare cooling frameworks, small scale
equipment etc.

In the beginning, Choi [17] had started work on incorporating the nanoparticles within
the base fluid in 1995. Adjacent to the idea of nanofluid, it was found that heat transfer feasibly
magnificent yet at the rate of exceptionally cost pumping power. Choi presumed such a
domination connected with heat conductivity is vastly improved of nanofluid compared with
exceptionally fetched extracting power for warmth transplant effectiveness. In this manner,
integration of nanoparticles inside of the base fluid are not just useful for high thermal
framework yet by one means or another it is less expensive monetarily. Nanoparticles are
produced using distinctive materials, for example: carbide ceramics (Sic,Tic), metal
nitrides (ALN, SiN), oxide ceramics (Al,05,Cu0), metals (Cu, Ag, Au), carbons in respective
(e.g. diamond, carbon nano tubes, graphite, fullerene) and functionalized nanoparticles [18-22].
Some preparatory exploratory results [23] demonstrated such as increment into warm
conductivity of roughly 60% as it may be gotten for the nanofluid comprising of H,0 and 5% of

CuO nanoparticles. Masuda et al. [24] have demonstrated that the characteristic boast of



nanofluids is thermal conductivity enhancement phenomenon. Recently Buongiorno [25]
considered successfully seven slip mechanism recognize inertia, Brownian motion,
thermophoresis, Magnus effect, thermos-diffusion, fluid drainage and gravitation settling. He
attained an accomplished overview of convective transport in nanofluids. Very recent studies
explore that enhancement in the heat transfer in the presence of nanoparticles can play a vital
role in various physical geometries [26-40].

Based upon above literature survey, main motivation of the present study is to discuss the
nanofluid (Al,0; — water, Cu —water) flow over a stretching sheet via inclined Lorentz forces
within the boundary layer region which passed through a stretching sheet. Further, we have
analyzed the velocity slip and thermal radiation effects for prescribed surface temperature. For
the solution of governing PDEs use the similarity transformation to convert the governing partial
differential equations into ordinary differential equations. Exact solution of the governing ODEs
are obtain in the form of Kummer’s function to discuss the nature of flow and heat transfer,
velocity and temperature profile are plotted against the emerging parameters. Results are verified
with the existing literature.

2. Mathematical formulation

Consider two dimensional, steady, incompressible flow of nanofluid over a stretching
sheet with slip effects at the surface. In this context we have considered water as a base fluid and
two different kind of metallic nano particles are taken into the account namely: Copper (Cu) and
alumina (Al,05). Inclined magnetic field is applied along y-axis of strength B, with an acute
angle y that is normal to the surface and x-axis taken parallel the sheet. That is to suppose

influenced magnetic field which is negated in correspondence with enforced magnetic range. The



applied magnetic field occurs normal to the surface with transverse magnetic field at y =§

i.e. sin (g) = 1. The basic governing equations for the problem are:

u ou

P 3 0, 1)
du du _ pnfd?u  onsB§ . 2
—tyv—="__—_ My sin?y, 2
0x 0y pny 0y? Pnf Y ( )

where u, v are the velocity components of the nanofluid in the directions of x and y-axis

respectively, u,r andp,ris the dynamic viscosity and density regarding nanofluid

respectively, ay,f is the thermal diffusivity, (pCp) ns 18 the heat capacity of nanofluid, v, is the

kinematic viscosity for the nanofluid that is defined by Tiwari Das [27]:
M _ _knr )
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U = 2L pny = (1= $)pyp + 00D,
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The nanoparticle volume fraction parameter is represented by ¢. In the above expressions

subscript f is used for base fluid and s is used for nanoparticle. The boundary conditions for the

above model
= +la—u = aty =0
u=ax ay,v—vw y =0,
u—->0asy - oo, 4

For sake of simplifying the analysis, we introduced the following similarity transformation:



1 Y
w=axf'(m) v = (a0, fm), n=(2)", 5)

where f(n) and n are dimensionless variables. Using equation (5) shows that equation (1) is

completely satisfied whereas equation (2) becomes:

o f A = (1 Esin? () £ = 0, ®)
subject to the boundary conditions

fa=0fm=1 +A£1f”(n) =1+Lf"(n,atn =0,

f'(n) - 0asn - o, ()
where f = f(n), 4, = (1 —¢)?> A, = (1 -—¢+ ¢£—;), L =p /A;. In the above equations

2
M, = /%0 and 8 = l(a/9)'/? are the Hartmann number and slip parameter, respectively. The

closed form solution of equation (6) using (7) can be found as follows

fap =22 ®)

a

where,

1
X=Tasr
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Transform the velocity components by using equations (8) in (4), one obtains

U= axe™ N v = _m( 1—-e~ 7 ) (10)

La+ 1’ alla + 1)

Local skin friction is defined as

-1/2

w R X n
Cr = iz =570, (12)

where, T, = pinf (Z—Z) { represents the stress at wall and Re,, = X"TW is the Reynolds number.

y:
3. Heat transfer analysis

In this section we have analyzed the basic thermal boundary layer partial differential equation for

incompressible nanofluid, expressed in this way:

oT oT GEVE 1 dqy
u—+v—=a - ) 12
dx dy nf §y2 (pCp)nf dy (12)




where, k¢ is thermal conductivity of the nanofluid, p, is the density of the nanofluid, T is the
temperature and (Cp),y represents the specific heat of nanofluid. Utilizing the Roseland

diffusion approximation [28] as radiation, the heat flux is defined as,

_ o* oT*
ar = 3k, dy '

(13)

where ¢ represents the Stefan’s constant and k, stands for the mass absorption coefficient.
Additionally, we suppose that the variance of temperature inside of the nanofluid flow is
abundantly small in such a way T* can be able expressed in a Taylor series lose to T,,. Further,

ignore the terms which have higher order. As follows
T* = 4T3T — 3T3. (14)
Applying equation (13) and (14) in (12), one obtains

oT oT 9°T 1 160*TS, 92T
=t —.
ox oy dy?2 3(pCp)nf k. 0y?

(15)

Notice that equation (15) is solved by using the inclusive heating procedure for instance

prescribed surface temperature (PST). In this situation the boundary conditions should be given

by
xZ
T=T,=T,+A(>) aty=0,
T - o0asy — oo, (16)

where, T,, is the sheet temperature, the temperature of the nanofluid far from the surface is
represented by T, and [ is characteristics length. One the other hand, the dimensionless

temperature profile 6(n) is given by



T-Teo
Tw=Too
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Now, we transform the equation (15) by using Egs. (5) and (17). We get the dimensionless ODE

for temperature that is
w6y, + Prf6, — 2Prf,6 = 0, (18)
where, n subscript shows the derivative with respect to the n, Pr = v¢/ay is the Prandtl number,

and N = k,K;/40"T3 is the radiation parameter. It should be noted that A5 = (k5+2kf)_2¢(kf_k5),
(ks+2kp)+o(k—ks)

(pCp)s A
A, =(1—¢+ ¢&_:») and © = 5% (3NA; + 4)/3NAs.

Accordingly, the boundary condition (16) becomes
6(n) =1 at n=0,
6(n) » 0atn — oo. (19)

Using the value of f and f;, from equation (8) in (18), we obtain

1—e—N —-an
@6y + Pry(———)6, — 2Prx(=——)6 = 0. (20)
. . Ay Prye™ N .
Here we introduced a new variable § = — YRS and the equation (20) reduces to
3
26 26
smt (h—93—g0 =0, (21)

— (1= bz = —
Where h = (1 waz)and g=-2.

Subject to the boundary conditions



p(ty g

8(0) = 1, (22)

the solution of equation (21) is given by

M(a+b—4 1+b,f)

8(8) = ()7~

M(*2=214b,-b)' (23)

where b = % , M is the confluent hypergeometric function of the Kummer function and so the

temperature solution takes the form

atby M(EL2=% 14 Prxe_an)

_ _—al—n ( 2’ ! wa?

9(77) =e ( 2 ) M(a+127—4-'1+b’_Pr)§) . (24)
wa

Hence the non-dimensional wall temperature is found to be

a+b-2 Pry a+b-4 Prye=an
atb M(—'1+b,ﬁ’a2)_M 14D, wa? a+b—4
9n(0)=—“(7>+< ? ath 4< : ) ( x )a. (25)

Note that, the local Nusselt number is given by

_ Xqw
Nu = —kf Nl (26)
*m3
where q,, = — (knf + 16;kT°°) (Z—;) . In the current case, it is determined as
* y=0
NuxRe; M = —(4; + )6/ (0). 27)

4. Results and discussion



In this section, we analyzed the effects of inclined magnetic field along with the other
physical parameters in fluid flow characteristics over a stretching sheet. In table 1, thermo-
physical properties of water and each nanoparticle are presented in the form density, specific
heat and thermal conductivity. Before going to discuss the behavior of effective profiles we have
made comparison with the available results in the literature. It is clearly seen that our results are
accurate for limiting case in comparison with the Hakeem et al. [1] and Turkyilmazoglu [9] (see
table 2). We have examined the two important kinds of nanoparticles, namely: copper (Cu) and
alumina (Al,05), within the base fluid water. Influence of nanoparticles volume fraction ¢ with
the base fluid water are described through velocity and temperature for prescribed surface heat
flux (See Fig. 1 and Fig. 4). It can be examined in Fig. 1(a), an increase of nanoparticle volume
fraction ¢ decreases the velocity behavior of nanofluid (Cu-water). In case of Al,05-water, it is
found that an increase the nanoparticle volume fraction gives the rise in velocity profile Fig.
1(b). In Figs. 4(a) and 4(b), the temperature profile described the behavior of Cu-water and
Al,05-water with increasing the nanoparticle volume friction ¢. Figs. 2, 4, 5 and 7 depict the
simultaneous effect of angle and Hartmann number M, on the velocity and temperature for each
Cu and Al,0snanoparticles. It is found that with the increase of magnetic parameter M, and
aligned angle of magnetic field cause decreasing effects on velocity profile; however it enhances
the temperature distribution. There is no impact of magnetic field at velocity profile fory =
0° and the magnetic field behave transversely encase of y = m/2 along the flow section. The
magnetic induction increases with an increase in aligned angle values along the flow region. Due
to the improvement of magnetic induction, there is a force called Lorentz force which produces a

resistant within the boundary layer with aligned magnetic field. This figure acknowledging the



physical action that velocity profile deceases and temperature profile increases gradually for both

Cu-water and Al,0-water.

Table 1: Thermophysical properties of Cu, Al,05 and water [29].

Physical properties Water/base fluid Cu Al,04
p (kg/m?) 997.1 8933 3970
C,(I/kg K) 4179 385 765

k (W/m K) 0.613 400 40

Pr 6.2

Table 2: Comparison of PST for 6,(0) when ¢p = g = M, = N = 0.

Mn Pr Turkyilmazoglu [9] Hakeem et al. [1] Present study
Exact solution Analytical Numerical ~ Exact solution
0 1 1.33333 1.33333 1.3333333 1.33333
5 3.31648 3.31648 3.3164824 3.31648
1 1 1.21577 1.21577 1.2157726 1.21577
5 - 3.20720 3.2072054 3.20720

The importance of the slip parameter L on the nanofluid velocity profile and the
temperature profile with prescribed surface temperature are plotted in Figs. 3 and 6 at different
nanoparticles volume fraction ¢. In Fig. 3, it can be determined that velocity profile switch its
behavior at n = 2.2 due to the slip effects in the vicinity of sheet surface. The temperature profile
increases in same manners with increasing values of velocity slip parameter for both Cu —water

and Al,0; — water (see Fig. 6). The nanofluid velocity and temperature profile behave



oppositely with increasing value of slip condition. This behavior of stretching sheet can comprise
just partially carried to the fluid. Figs. 8(a) and 8(b) describe the effects of radiation parameter on
temperature profile for each Cu —water and Al,0; —water, respectively. It can determine that
temperature is decreasing function of radiation parameter N.

Figs. 9(a) and 9(b) depict the magnetic parameter influences herewith the solid volume
fraction ¢ and aligned angle on local skin friction coefficient. Here magnetic parameter and local
skin friction is taken along the x- and y-axis respectively. In Fig. 9(a), the local skin friction
increases by a gain in the aligned angle and magnetic parameter. Since there is no effect of
magnetic parameter with y = 0° on local skin friction, it shows the less magnetic parameter
effects on the flow section. In Fig. 9(b), one can see the increasing behavior of local skin friction
by increasing the nanoparticles volume fraction ¢ and magnetic parameter M,. Further, it is
noticed that Cu-water nanofluid has higher frication with surface as compared to the Al,05-
water.

Figs. 10(a) and 10(b) illustrate the effects of magnetic parameter and the volume
fraction ¢ on local Nusselt number. It can be seen that the local Nusselt number increases as the
values of nanoparticle volume fraction ¢ increases. In Fig. 10(a), it is found that Cu-water
represents the heat transfer rate is faster than Al, O5;-water. In Fig. 10(b) the local Nusselt number
decreases with both velocity slip and magnetic parameter for both Cu-water and Al,05-water.
Furthermore, it is observed that Al,0;-water has low heat transfer rate compare to the Cu-water.
The combined results for aligned angle and magnetic parameter are shown in Fig. 11(a) which
shows that these parameters reducing the behavior of local Nusselt number. The local Nusselt
number is decreasing function with radiation and magnetic parameters for both Cu-Water and

Al,05-water (see Fig. 11(b)). In case of Al,05-water, heat transfer rate decreases faster than Cu-



water as plotted in Figs. 11(a) and 11(b). To analyze the flow behavior result, stream lines are

also plotted in Fig. 12.

5. Conclusion

In this paper we have analyzed the effects of each inclined magnetic field, velocity slip

and thermal radiation on flow of nanofluid past over a stretching sheet. This study is examined

for prescribed surface temperature and two types of nanofluid namely: Cu-water and Al,05-

water. Acquired the inclined magnetic field exist enforce with an aligned angle where the aligned

angle varies from 0 to r/2. The following prevailed particular consequences are:

Velocity profile of nanofluid decreases with increasing values of nanoparticle
volume fraction ¢, magnetic parameters M,, y and slip parameter L for Cu-water/
Al,05-water.

Velocity profile behavior is opposite for each Cu-water and Al,0;-Water by
gaining the rates of nanoparticles volume fraction ¢ .

Temperature profile increases for each value of nanoparticles volume fraction ¢,
magnetic parameter, adjusted angle y and velocity slip parameter in case of
both Cu —water and Al,0; —water.

The local skin friction coefficient gains with enhancing in the values of magnetic
parameter and aligned angle of magnetic field in situation respecting both
Cu —water and Al,0; —water. Moreover, it is observed that the local skin friction
coefficient does not affected by magnetic parameter at y = 0° and Cu-water
nanofluid but it is enhancing rapidly as compared to Al, Os-water.

Local Nusselt number increases with the value of magnetic parameter for both

Cu-Water and Al,05-Water. The heat transfer rate is higher for Al,05;-Water as



compared to the Cu-Water. Local Nusselt number reduces along with estimations
of radiation parameter, velocity slip parameter and aligned angle of magnetic

field.
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Fig.1: Variation of velocity profile f'(n) for different values of ¢ withg = 1,M, = 0.2andy =
/4 (a) Cu —water (b) Al,05; —water.
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Fig.2: Variation of velocity profile f'(n) for different values of M, and y with g =1, ¢ =
0.2 (a) Cu —water (b) Al,05; —water.

Cu- Water ALO,- Water
$=0.0
—_— - $=0.2
G E
- 3f
i 4 p=0.5,1.0, 15
E ——t
o, ! P 1 ‘
8 0 2 4 6 8
(@) n (b) n 0

Fig.3: Variation of velocity profile f'(n) for different values of g and ¢ when M, = 0.2,y =
m/4 (a) Cu —water (b) Al,05; —water.
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Fig.4: Variation of temperature profile 6(n) for different values of M, and ¢ with § = 0.5, N =
0.5, y =m/4 (a) Cu —water (b) Al,0; —water.
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Fig.5: Variation of temperature profile 8(n) for different values of y and M, with § = 0.5, N =
0.5, y =m/4 (a) Cu —water (b) Al,0; —water.
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Fig.6: Variation of temperature profile 8(n) for different values of L and ¢ with M, = 0.2,N =
0.5, y =m/4 (a) Cu —water (b) Al,0; —water.
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Fig.7: Variation of temperature profile 8(n) for different values of y and M, with § = 0.5, N =
0.5(a) Cu-Water (b) Al,O3-Water.
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Fig.8: Variation of temperature profile 8(n) for different values of N and M, with § = 0.5,N =
0.5, (a) Cu —water (b) Al,0; —water.
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Fig.9: Variation of skin friction for (a) M, and y when ¢ = 0.2, f = 1 (b) M, and ¢ when
y =45° B =1.
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Fig.10: Variation of local Nusselt number for (a) M, and ¢ wheny = 45°, B =1, N = 0.5 (b)
p and ¢ wheny = 45°, M, = N = 0.5.
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Fig.12: Stream lines behavior for various values of slip parameter.

Highlights

e Nanofluid fluid flow with inclined Lorentz forces is purposed.

e (Cu-water and Al,0-water are reported over a stretched flow.

e Hartmann number resists the flow motion of each mixture at the surface.
e Slip parameter decrease the velocity and increase the temperature profile.
e (Cu-water attained higher skin friction as compare to the Al,05-water.





