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Abstract—Slide mode control (SMC) is recognized as the most ro-
bust control with high stability, while the proportional-resonant (PR)
control shapes the output waveform closely according to the refer-
ence sinusoidal signal. Keeping in view the characteristics of slide
mode and PR control, a cascaded controller is proposed for bipolar
single-phase uninterruptible power supply (UPS) inverter. The outer
voltage loop uses the PR control while the inner loop uses the SMC.
Chattering in the SMC has been removed using smoothed control law
in narrow boundary layer condition. The stability of the controller has
been analyzed using Lypunov stability criteria. The smoothed control
law applied to the pulse width modulator results in fixed switching
frequency of the inverter. The performance of the controller has been
analyzed for single-phase inverter through simulations and experi-
ments for both the linear and non-linear loads. The performance of
controller has been compared with the other techniques of SMC and
standard controllers. The proposed controller shows significant im-
provement in terms of reducing the total harmonics distortion to 0.5%
for linear load and 1.25% for non-linear load, strong robustness, and
fast response time of only 0.3 ms.

1. INTRODUCTION

Uninterruptible power supplies (UPSs) provide clean, condi-
tioned, and regulated power to the varying load in all grid con-
ditions. With the utilization of the rectifiers in the maximum
critical loads like communications devices, medical equip-
ment, and military equipment, it is mandatory to design UPS
system with high-quality outputs. According to the IEEE stan-
dard 1547, minimum total harmonics distortion (THD) in the
output voltage of UPS system should be maintained less than
5% for the nonlinear load [1–3].

Different high-performance control schemes have been pre-
sented for inverter control like deadbeat control [4], iterative
learning control [5], model predictive control [6], and sliding
mode control [7, 8]. Among these control schemes, deadbeat
control [9] is the most popular control technique because of
its fast dynamics response, as the tracking error settles to zero
in finite sampling steps. However, the deadbeat control is very
sensitive to model uncertainties, parameters mismatch, and
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12 Electric Power Components and Systems, Vol. 45 (2017), No. 1

noise in the high sampling frequency. Repetitive controller
(RC) [10, 11] also provides good regulation for the non-linear
loads with periodic distortions and excellent harmonics rejec-
tion. However, the dynamic response of the RC is relatively
very slow, that is why another fast response control scheme is
usually integrated with the RC to increase the response time
of the controller. Moreover, poor tracking accuracy and large
memory requirement are additional limitation in RC controller.

Alternatively for non-linear load, slide mode control (SMC)
[12–14] strategy has gained special interest. SMC has been
widely implemented in the power inverters because of its effec-
tive performance against non-linear system with uncertainties.
A major feature of the SMC is its robustness, good dynamic
response, stability against non-linear loading conditions, and
easy implementation.

However, the SMC has the inherit drawback of chattering
phenomena because of the variable switching frequency which
cause low control accuracy, high power losses, and complica-
tion in the filter design. In order to eliminate chattering, SMC
has been implemented with fixed switching frequency vari-
able width hysteresis comparator [15], and quasi-sliding con-
trol based on zero-average dynamic (ZAD) [16]. Chattering
problem can also be eliminated by smoothing the control dis-
continuous in a thin boundary layer neighboring the switching
surface [17].

Integral SMC method has been proposed for efficient AC
tracking of the system in [18, 19]. Although this system
has reduced the harmonics contents in output voltage, it has
limited ability for high-order harmonics. Slide mode control
with continuous-time control method has been implemented in
[20, 21]. But the filter inductor’s current has been used as a
state variable, which requires complex computation for its ref-
erence function. Also, the SMC operates at variable switching
frequency, which leads to undesirable chattering phenomena.
Hysteresis-type switching function has been introduced for
each leg of the inverter, which increases the hardware com-
plexity [22]. In rotating SMC [23], time-varying slope based
on SMC method was proposed, which rotate the sliding surface
in order to get the faster response for the non-linear conditions.
This different value for the slope has been applied during the
transient- and steady-state operation, causing the surface to
rotate according to load variation. SMC with proportional in-
tegral (PI) controller has been implemented in [24]. Although
PI controller provides an infinite gain with a constant variable
and step reference without steady-state error, it is unable to
track a sinusoidal reference. Hence, its performance for in-
verter control is not satisfactory.

Proportional-resonant (PR) controller can achieve tight si-
nusoidal reference tracking for the voltage source inverter, by
providing large gain at the resonance frequency, thus elimi-

nating the steady-state error and improving the system per-
formance. With the motivation to analyze the performance of
the SMC and PR controller in the inverter, a cascaded control
algorithm of SMC and PR control has been proposed in this
paper. It is a new control scheme for the single-phase bipolar
voltage source inverter for UPS application. The inner current
loop is controlled by the SMC because it provides the robust
control of the capacitor current, which has high harmonics
for the nonlinear loading condition. While the outer voltage
loop is controlled by the PR control, it tightly tracks the sinu-
soidal reference voltage resulting in better voltage regulation.
Hence, PR can be used for implementing selective harmonic
compensation without requiring excessive computational re-
sources. The chattering phenomenon in the SMC is eliminated
by using smoothed control law in narrow boundary layer. The
smoothed control law applied to the pulse width modulator re-
sults in the fixed switching frequency of the inverter. Thus, the
proposed controller adopted the characteristic of both SMC
and PR control. The controller shows good response with low
THD and high stability for non-linear loads. The main advan-
tages of the proposed controller are as follows:

1. very low THD for both linear and non-linear load;

2. very robust in operation;

3. fast transient response; and

4. easy implementation.

The paper is organized as follows: The system modeling of
the inverter is presented in Section 2, while the SMC and PR
controls are explained in Sections 3 and 4, respectively. The
simulation and experimental results are discussed in Sections
5 and 6, respectively. Finally, the conclusions of this work are
presented in Section 7.

2. SYSTEM MODELING

The circuit diagram of single-phase inverter for the UPS sys-
tem with LC filter is shown in Figure 1, where V DC is applied
voltage and V out is the filter capacitor C output voltage. iL is
the inductor L current and iO is the output current through the
load R, given by iO = V out/RLoad. The state equations of the
inverter are given as

L
diL

dt
= uVDC − Vout (1)

C
dVout

dt
= ic = iL − io (2)
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FIGURE 1. Single-phase inverter for UPS system.

The behavior of the system can be represented by the fol-
lowing state-space equation:

d

dt

[
Vout

iL

]
=

⎡
⎣ 0 1/

C

−1/
L 0

⎤
⎦ [

Vout

iL

]
+

[
0

VDC
/

L

]
u

+
[−io

/
C

0

]
(3)

where u = Controlinput = {−1, 0, 1}
In order to implement the SMC, the voltage error x1 and its

derivative x2 = ẋ1 need to be found

x1 = Vout − Vref (4a)

x2 = ẋ1 = V̇out − V̇ref = iC
/
C − V̇ref (4b)

where Vref = Vmsin (ωt)[
ẋ1

ẋ2

]
=

[
0 1

−1/
LC −1/

RC

] [
x1

x2

]
+

[
0

VDC
/

LC

]
u

+
[

0

−Vref
/

LC

]
(5)

3. SLIDING MODE CONTROL

Slide mode control (SMC) is a non-linear control method,
which changes the dynamics of the system by employing the
discontinuous control signal that forces the system to slide
along the system normal behavior. According to the SMC
theory, a control has to be designed, which will direct the state
trajectory toward the zero sliding surface. The sliding control
law is given as

u (t) =
{

/−1, if S (x) > 0
−1, if S (x) < 0

(6)

where S(x) is called sliding surface and normal system behav-
ior has S(x) = 0. The linear sliding surface function can be

expressed as:

S = λx1 + x2, λ0 (7)

where λ is a real constant. For the dynamic behavior, Eq. (7)
will be

S = λx1 + ẋ1 = 0 (8)

The objective of the control in Eq. (7) is to drive the trajectory
of the system from any initial condition x(0) to the sliding
surface S(x) = 0. This trajectory is maintained at the slid-
ing surface, and consequently directs the system toward the
steady-state condition. Thus, the SMC performs its control by
utilizing the sliding surface as a reference and thus satisfies
the inequality condition

lim
s→0 /−

d(s)

dt
0 and lim

s→0−

d(s)

dt
0

In order to ensure the stability of the sliding function, the Lya-
punov function V(t) = S2/2 has to be satisfied with the mini-
mum condition V̇ (t) η |s|, keeping the scalar s at zero while η

is strictly positive constant [12, 25]. Hence, the condition for
stability will beV̇ (t) < 0.

V̇ (t) = SṠ (9)

V̇ (t) = S [λẋ1 + ẋ2] (10)

V̇ = S

[
λx2 − 1

LC
x1 + VDC

LC
u − V ref

LC
− x2

RC

]
(11)

Consider the discrete control law as follows:

u (t) = sign (s) =
{

/−1, if S (x) > 0

−1, if S (x) < 0
(12)

In order to satisfy the sliding condition (9), despite the
uncertainty on the dynamics of the non-linear function, u is
replaced by the –sign(s), where “sign” is the sign function.

V̇ S

[
λx2 − 1

LC
x1 − VDC

LC
sign (s) − V ref

LC
− x2

RC

]
(13)

V̇ |S|
[

sign (x)

[
λx2 − 1

LC
x1 − V ref

LC
− x2

RC

]]
− VDC

LC
(14)

sign (x)

[
λx2 − 1

LC
x1 − V ref

LC
− x2

RC

]
<

VDC

LC
(15)

Hence, it is clear that the stability condition is fulfilled when
Eq. (15) is satisfied.

Putting the value of voltage and current error in Eq. (7)
provides the sliding control law of the inverter

S = λ (Vout − Vref ) + iC

C
− V̇ref (16)

D
ow

nl
oa

de
d 

by
 [

B
ah

ri
a 

U
ni

ve
rs

ity
] 

at
 2

2:
30

 1
5 

N
ov

em
be

r 
20

17
 



14 Electric Power Components and Systems, Vol. 45 (2017), No. 1

Although the implementing of SMC involves the derivative of
the voltage error, it is well known that the differential operation
amplifies high-frequency components in a signal. Therefore,
capacitor current feedback is used to avoid the derivative op-
eration in creating the sliding function [22]. Hence, the state
variable x2 can be obtained as x2 = ẋ1 = 1

C (iC − iref ) , where
iref = CV̇ref is the reference for the capacitor current

S = λ (Vout − Vref ) /− 1

C
(iC − iref ) (17)

Since the sliding mode controller has the common inherent
property of chattering phenomena, it causes low control ac-
curacy and high losses in the circuit. In order to overcome
the chattering phenomena, a smoothed SMC has been imple-
mented. This can be achieved by smoothing out the control
discontinuity in a thin boundary layer neighboring the sliding
surface.

B (t) = {x, |S (x ; t)| ≤ ∅} ∅ > 0 (18)

where ∅ is the boundary layer thickness and ω = φ

λ
is the

boundary layer width. Hence, B (t) is chosen such that all the
trajectories starting at B (t > 0) remain inside the B (t) for all
t > 0. Hence we interpolate S inside B (t) for instance, and
replace S by an expression S/∅. Thus, Eq. (17) will be

S (x)

∅ = λ

∅ [Vout − Vref ] + 1

C∅ [iC − iref ] (19)

The closed-loop control of the inverter as shown in Figure 2
is obtained from the previous description of the SMC. GINV

is the model of the inverter with low-pass LC filter employed
at the output of the inverter. The SMC block represents the
implementation of Eq. (19), where V ref is the reference volt-
age that is compared with the output voltage across the filter
capacitor C. The voltage error multiplied with λ/α is consid-
ered as reference current, and is fed to the inner current loop.
The reference current is compared with the feedback capacitor
current iC, and current error multiplied with Ø is provided to
the pulse width modulation (PWM) modulator.

FIGURE 2. Block diagram of the SMC with inverter and LC
filter.

FIGURE 3. Control interpolation in boundary layer.

The smoothing control discontinuity assigns a low-pass fil-
ter structure to the local dynamics, thus eliminating chattering.
The control law needs to be tuned very precisely in order to
achieve a trade-off between the tracking precision and robust-
ness to the uncontrolled dynamics as shown in Figure 3.

4. PROPORTIONAL-RESONANT CONTROL

Conventionally, the PR controller provides a large gain at the
fundamental frequency and strictly follows the sinusoidal ref-
erence, reducing the steady-state error and improving the sta-
bility of the system. The transfer function of the ideal PR
controller is given by Eq. (20):

GPR = K P + 2K Rs

s2ω2
o

(20)

where KP is the proportional gain, ω0 is the resonant frequency,
and KR is the resonant gain. The ideal PR controller gives
infinite gain at the resonant frequency but no gain and phase
shift at other frequencies. In order to avoid stability problem
associated with infinite gain, more appropriate non-ideal PR
controller is used, as shown in Eq. (21):

GPR = K P + 2K Rωcs

s2 /−2ωcs /−ω2
o

(21)

Hence selecting a suitable cut-off frequency ωc can widen
the bandwidth, reducing the sensitivity toward the frequency
variations. By combining the PR controller with the SMC,
the performance of the inverter is improved, as the reso-
nance controller provides better regulation of the output volt-
age and reduces the total harmonic distortion considerably
[26, 27].

The block diagram of SMC with PR controller is shown
in Figure 4. GPR is the model of the PR controller introduced
in the voltage loop of the controller. This increases the per-
formance by precisely tracking the reference AC voltage. The
current loop is controlled by the previously described SMC
(Figure 2). In proposed controller, both the PR and SMC work
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Aamir et al.: Proportional-Resonant and Slide Mode Control for Single-Phase UPS Inverter 15

FIGURE 4. Equivalent control diagram with SMC and PR
control.

are cascaded to control the inverter of the UPS system. The
open-loop gain of the voltage control loop with the PR com-
pensator can be obtained by Eq. (22):

H (s) = GPRGINV =
(

K P + 2K Rωcs

s2 /−2ωcs /−ω2
o

)

×
(

sCrd /−1

LCs2 /−sCrd /−1

)
(22)

H (s) = a3s3 /−a2s2 /−a1s /−a0

b4s4 /−b3s3 /−b2s2 /−b1s /−b0
(23)

where

a3 = K pCrd , a2 = K p + 2ωcCrd (Kr + K p), a1 = 2K pωc

+2Krωc + K pCrdω
2
0, a0 = K pω

2
0

b4 = LC, b3 = 2ωc LC + Crd , b2 = LCω2
0 + 2Crdωc + 1,

b1 = Crdω
2
0 + 2ωc, b0 = ω2

0

The Bode plot of the voltage loop is shown in Figure 5. It can
be seen from the compensated voltage loop gain that the large
system bandwidth would give the voltage controller a fast re-
sponse. Meanwhile, having a phase margin of 2◦ demonstrates
closed-loop stability. However, as can be seen from the Bode
plot in Figure 5, the phase margin is very low, which may affect
the output voltage by inserting the unwanted oscillations. This
can be compensated by adding a suitable lead–lag compensator
as shown in Figure 6.

G lead−lag
1 + as

1 + bs
(24)

where b = x ∗ a, and x is the ratio that can be calculated as
(1 − sin ∅) / (1 + sin ∅), and Ø is the required phase margin.
Thus, the lead–lag compensator improves the phase margin of
the voltage loop by reducing the steady-state error to almost

FIGURE 5. Bode plot of voltage loop with PR controller.

zero for harmonic components. Figure 6(b) shows the Bode
plot of the outer voltage loop with lead–lag compensator.
The phase margin of the loop is improved to 78◦ – quite high
which leads to oscillating free output of the system.

FIGURE 6. Lead–lag compensator with PR controller. (a) PR
control with lead–lag compensator. (b) Bode plot of voltage
loop.
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16 Electric Power Components and Systems, Vol. 45 (2017), No. 1

Hence, the slide surface with the PR control can be pre-
sented as Eq. (25):

S (x)

∅ = 1

C∅ [iC − iref ] + λ

∅
[

K p (Vout − Vref )

+ ki

(
2s

s2 + 2ωcs + ω2
o

)
(Vout − Vref )

]
(25)

Thus, Eq. (25) shows the dynamic behavior of the system
with both SMC and PR compensator. The error in the voltage
loop is compensated by the appropriate PR parameters, thus
the output voltage is compelled to follow the reference AC
voltage leading to the system stability, while the SMC drive
the system to the zero sliding surface with maximum stability.
Since the capacitor error current contains the ripples from
the inductor, the current peak may reach high values. So ∅
should be carefully assigned values in order to compensate
the slope from the high current ripple of the capacitor. Hence,
the PR controller eliminates the steady-state error at resonant
frequency or harmonic at that frequency.

Now the condition of stability is modified as

|s| ≥ ∅ =>
1

2

d

dt
S2 ≤ (∅̇ − η

) |s| (26)

The ∅̇ |s| illustrates the fact that the boundary layer attrac-
tion condition shows more firmness during boundary layer
contraction (∅̇ < 0) and less firmness during boundary layer
expansion (∅̇ > 0).

The response time of the system λ determines the dynamics
and robustness of the system. It is clear from Eq. (25) that
smaller value of λ leads to slow response time, while higher λ

values increase the response time but take larger time to reach
the sliding surface. Thus, the optimal value for λis equal to the
switching frequency of the inverter.

According to [28], in order to maintain proper control over
the capacitor current, multiple crossing between the error sig-
nal from the current loop and the triangular waveform must be
avoided. Hence, the maximum slope of the error signal should
be less than the slope of the triangular waveform (carrier).
This means that the following condition applies in terms of
magnitudes

Slope of error signal < Slope of the carrier signal

The slope of the carrier wave is4Vm × f s, where Vm is the
magnitude of the carrier signal and fs is the frequency of carrier
signal. The slope of the error signal to the modulator is given
byVDC/4LC∅. According to the limitation of the pulse width
modulator,

4Vm × f s 	 VDC
/
4LC∅ (27)

Circuit parameter Value

Input voltage 180 VDC

Output voltage 110 VAC

Output power 400 W
Inductor 840 μH
Capacitor 6.6 μF
Switching frequency 20,000 Hz

TABLE 1. Circuit specifications

∅ 	 VDC

16LCVm fS
(28)

Considering the limitation of the PWM modulator, the min-
imum approximate value of ∅ can be calculated using the
equation:

∅ ∼= 10VDC

16LCVm fS
(29)

5. SIMULATION

The performance of the proposed control has been veri-
fied by simulation using MATLAB (The MathWorks, Natick,
Massachusetts, USA)/Simulink. The circuit specifications are
given in Table 1, and control parameters are listed in Table 2.
Kp and KR are the proportional gain and resonant gain se-
lected for stable response of the PR controller from Eq. (22).
The value of α is the division factor to bring the output volt-
age comparable to reference and is selected considering the
electronic circuit limitations. λ is the dynamic response of
the inverter, and is equal to the switching frequency of the
modulator, whereas Ø is calculated using Eq. (29). Magnitude
of the carrier (Vm) is selected to realize the inequality (27).
The steady-state load tests have been performed using linear
and non-linear single-phase uncontrolled diode rectifier. The
reference non-linear load has been designed according to the
standard of IEC62040-3 [1], with input series resistance of
0.3 Ω [4% of (output rms voltage)2/apparent power], parallel
load resistance of 30 � [rectified voltage/(60% of apparent

KP 2.5
KR 30
λ 20,000
� 126,830
Vm 8 V
α 0.045454
Vref 110VAC

TABLE 2. Controller parameters
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Aamir et al.: Proportional-Resonant and Slide Mode Control for Single-Phase UPS Inverter 17

FIGURE 7. Simulation waveform of output voltage and current. (a) Linear load. (b) Non-linear load. (c) Step response from 0 to 100%.
(d) Step response from 100 to 0%.

power)], and filter capacitor C = 4700 μF [7.5/(output fre-
quency × load resistance)]. The results are evaluated using the
transient response, steady-state error, and THD for both lin-
ear and non-linear loads. Figure 7(a) shows the output voltage
and current waveform of the inverter for both linear and non-
linear loads. Considering the controller parameter, the THD
measured for the linear and non-linear load is 0.45 and 1.25%,
respectively, which is considerable low as compared to other
control schemes. Figure 7(c) shows the output voltage during
step change in load from 0 to 100%, and back from 100 to
0%. The controller shows satisfactory performance with only
0.3 ms of settling time.

6. EXPERIMENTAL RESULTS

A 400-W experimental prototype, shown in Figure 8, has been
built in order to validate the performance of the proposed con-
troller. The controller was implemented with DS1104 Slave
I/O PWM. The performance of the controller is examined

FIGURE 8. Photograph of experimental prototype.

for both linear and non-linear uncontrolled diode rectifier
loads.

6.1. Steady-state Performance

The output voltage and current waveform for both linear and
non-linear loads are shown in Figure 9. The THD of the out-

D
ow

nl
oa

de
d 

by
 [

B
ah

ri
a 

U
ni

ve
rs

ity
] 

at
 2

2:
30

 1
5 

N
ov

em
be

r 
20

17
 



18 Electric Power Components and Systems, Vol. 45 (2017), No. 1

FIGURE 9. Experimental waveform of output voltage and cur-
rent. (a) Linear load, voltage scale 100 V/div, current 10 A/div,
time 10 ms/div. (b) Non-linear load, voltage scale 100 V/div,
current 10 A/div, time 10 ms/div.

put voltage is about 0.45%, similar to the results obtained in
simulation. Similarly, the THD of the output voltage is only
1.25% for non-linear load. It can be seen from these results
that the THD of the output voltage is very low even for severe
operating condition. The crest factor of the output voltage for
the non-linear load is 1.7. The THD of the UPS output voltages
shown in Figure 10 are well below the limits of IEC 62040-3.
The THD measurements given in this paper are taken by Yoko-
gawa WT1800 Precision Power Analyzer. Figure 11 shows the
comparison of the THD between SMC and PR + SMC. There
is significant improvement in the THD for the cascaded PR
and SMS controller, with the reduction of the THD to about
0.8% for linear load and 0.6% for non-linear loads.

6.2. Transient Performance

In order to verify the transient performance of the UPS system,
the standard tests have been carried out. Figure 12(a) shows the

FIGURE 10. THD of output voltage and current with power
analyzer. (a) Liner load. (b) Non-linear load.

experimental waveform of the step change in load from 100
to 0%, while Figure 12(b) shows the experimental waveform
of step change from 0 to 100%. The settling time in both
the case is less than 0.3 ms. The experimental results show
that the dynamic behavior of the controller is satisfactory and
does not exceed the classification 1 of IEC62040-3 standard
[29]. Thus, this UPS is suitable for the applications when high-
quality output voltage is required for critical loading condition.
Table 3 shows the comparison of the proposed work with the
SMC and other common controllers. The proposed controller
shows an improvement in terms of reducing the THD and
transient response with robust control of the inverter.
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Controllers Deadbeat [4]
Iterative

learning [5]

Model
predictive
control [6]

SPWM control
[30]

Rotating SMC
[23]

Fix-Freq SMC
[31] Proposed work

VDC 600 150 529 405 300 360 180
VRMS 220 110 150 220 200 220 110
Filter capacitor
(uF)

15 117.1 40 202 100 9.4 6.6

Filter
inductor(mH)

1.2 0.58 2.4 0.03 0.250 0.357 0.84

THD (L) (%) 2.8 1.27 2.85 1.11 – 1.1 0.45
THD (NL) (%) 4.1 1.33 3.8 3.8 2.66 1.7 1.25
Response time
(ms)

0.5 – 50 60 – 0.5 0.3

TABLE 3. Comparison of different control methods

FIGURE 11. Comparison of THD between SMC and
SMC + PR. (a) Linear load (for SMC THD = 1.1%),
(SMC + PR THD = 0.5%). (b) Non-linear load (for SMC
THD = 2.1%), (SMC + PR THD = 1.25%).

FIGURE 12. Step change in output voltage and current. (a)
100 to 0%, voltage scale 50 V/div, current 5 A/div, time
20 ms/div. (b) 0 to 100%, voltage scale 50 V/div, current
5 A/div, time 20 ms/div.

7. CONCLUSION

A single-phase UPS inverter with a SMC cascaded with PR
controller has been introduced in this paper. The chattering
problem in the SMC has been reduced using smoothed control
law in narrow boundary layer. The PR compensator controls
the fundamental frequency and the output voltage, while the
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SMC performs robust control of the inverter. The performance
of the control has been analyzed through simulation results and
experimental prototype. The steady-state output voltage has
high quality under both linear and non-linear loads with low
THD and fast transient response. The output voltage dynamics
response of the UPS inverter is found to be very good, meeting
the Class 1 of IEC64020-3, standard for linear and non-linear
load. As a perspective for future work, the proposed design
worked can be extended for the control of three-phase UPS
inverter.
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