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Abstract: Present phenomenon is dedicated to analyze
the combine effects of linear and non-linear Rosseland
thermal radiations for stagnation point flow along a ver-
tically stretching surface. For better variation in fluid flow
and heat transfer, mixed convection is also considered to
sustain this mechanism for significant influence. After
incorporating these effects, the pertinent mathematical
model is constructed in the form of non-linear partial
differential equations and then be transformed into the
system of coupled ordinary differential equations with
the help of similarity transformation to be further solved
numerically. Significant difference in the heat transfer
enhancement can be observed through temperature pro-
files and tables of Nusselt number. Though histogram
and isotherms plots, finally it is concluded that non-
linear radiation provides better heat transfer rate at the
surface of sheet as compare to the linear or absence of
radiation effects.

Keywords: non-linear radiation, mixed convection, heat
transfer, buoyancy effect, numerical solution

1 Introduction

The radiations can be visible, infrared or sun light and
their visibility depends upon the nature of the material
emitting from these radiations. The source of energy and
its technology is mostly categorized as either passive
solar or active solar depending on the way to seize
and distribute of solar energy or convert it into solar
power. Electromagnetic emissions from a surface with

temperature greater than absolute zero are known as
thermal radiations. These radiations can be visible, infra-
red or sun light and their visibility depends upon the
nature of the material emitting these radiations. Since
last few decay once of the major concern in field of
science and technology a prominent source of renewable
energy and its technologies are mostly categorized as
either passive solar or active solar depending on the
way to seize and distribute of solar energy or convert it
into solar power. Viskant and Grosh (1962) noted that
these radiations become important factor when consider-
ing the cooling systems, hypersonic flights, combustion
chambers and power plants. They discussed the thermal
radiation effects for the Falkner-Skan flow by using the
Rosseland approximations (Rosseland 1931). Smith (1952)
was one of the earliest scientists who discussed the radia-
tion effects for a boundary layer flow. Perdikis and Raptis
(1996) discussed the heat transfer phenomenon for micro-
polar fluid past a flat surface by considering the linearized
form of Rosseland approximation. Later on several
authors citing their work used the linearized form of
Rosseland approximation to discuss the boundary layer
flows in the presence of thermal radiation. Recently
Bataller (2008) discussed the Blasius flow in the presence
of radiation effects and found that thermal radiation effect
expands the temperature distribution, but this effect starts
decreasing for large values of radiation parameter.
Hussain et al. (2013) examined the radiation effects on
the unsteady boundary layer flow of a micropolar fluid
over a stretching surface. They concluded that the micro-
polar fluid temperature increases with an increase in the
radiation parameter. Pal and Mondal (2012) investigated
the radiation and chemical reaction effects on the stretch-
ing sheet flow in a Darcian porous medium. They also
observed the effect of porous medium where the tempera-
ture increases with an increase in the radiation parameter.
Chen (2010) produced the analytical solution for viscoe-
lastic fluids (Walters B fluid and second grade fluid) by
considering the thermal radiations. He used the linearized
form of Rosseland approximation to examine the radia-
tion effects. They found that Nusselt number decreases
with an increase in the radiation parameter.

*Corresponding author: Rizwan Ul Haq, Department of
Mathematics, Capital University of Science and Technology,
Islamabad 44000, Pakistan, E-mail: ideal_riz@hotmail.com
S. T. Hussain, DBS&H, College of electrical and mechanical
engineering, National University of Science & Technology,
Islamabad 44000, Pakistan.
N. F. M. Noor, Institute of Mathematical Sciences, Faculty of Science,
University of Malaya, 50603 Kuala Lumpur, Malaysia
S. Nadeem, Department of Mathematics, Quaid-I-Azam University,
Islamabad 44000, Pakistan

Int. J. Chem. React. Eng. 2017; 15(1): 11–20

Unauthenticated
Download Date | 11/15/17 12:25 PM



A radiation effect for the fluid flow over unsteady
stretching sheet has been discussed by Aziz (2009). He
concluded that radiation effects are more prominent for
small values of Prandtl number while Nusselt number
variation is prominent for large Prandtl number. He also
discussed that radiation effects are more pronouncing for
steady fluid flow as compared to unsteady fluid flow.
Das, Duari, and Kundu (2014) extended the work of
Aziz (2009) for the nano fluid flow by considering
the Buongiorno fluid model (Buongiorno 2006). They
reported that radiation parameter has similar effects in
the case of nanofluid flow. Several other articles (Hayat
et al. 2012, 2014; Ishak, Nazar, and Pop 2006; Mahapatra
and Gupta 2001, 2002; Nazar et al. 2004; Shehzad,
Alsaedi, and Hayat 2013; Shehzad, Hayat, and Alsaedi
2015; Shehzad et al. 2014) can also be referred on the use
of linear Rosseland approximation to discuss the radia-
tion effects. The linear Rosseland approximation results
are valid only for small temperature differences between
the plate and ambient fluid. Recently Magyari (Magyari
2010; Magyari and Pantokratoras 2011) proved that for the
linear Rosseland approximation case, the problem can be
governed by a single effective Prandtl number instead of
different parameters. So Fang and Pantokratoras (2014)
recently published a short note on the Blasius flow with
the non-linear radiations. The governing equation con-
tains three parameters Prandtl number, radiation para-
meter and temperature parameters instead of the single
parameter (effective Prandtl number). They also stated
that non-linear Rosseland approximation results are
valid for small as well as large temperature difference
between plate and ambient fluid. The temperature profile
is S-shaped for non-linear approximation when compared
to linear Rosseland approximation.

After the publication of Fang and Pantokratoras arti-
cle (Pantokratoras and Fang 2014), it is important to
revisit the radiation effects on the fluid flows discussed
earlier by using the linearized form of Rosseland approx-
imation. The stretching sheet flows have been largely
discussed by considering the radiation effects. These
flows have important applications in the polymer extru-
sion, electric wire drawings and plastic sheets drawings.
Sakiadis (1961) started the study of boundary layer flows
over a continuous moving surface. Tsou, Sparrow, and
Goldstein (1967) extended his work for heat transfer and
Erickson, Fan, and Fox (1966) extended it for the mass
transfer with suction and injection. A rich literature
(Akbar et al. 2013; Cortell 2008; Mao et al. 2015;
Nandeppanavar, Vajravelu, and Abel 2011; Qing et al.
2015; Rashidi et al. 2014; Van Deynse et al. 2015; Wang
et al. 2015; Yu et al. 2013) is available on the stretching

sheet flows. Recently Mukhopadhyay (2013) examined
the slip and radiation effects on the boundary layer
flow over an exponentially stretching sheet. She used
the linearized form of thermal radiation and concluded
that temperature increase with radiation parameter is due
to the enhanced thermal conductivity. Yazdi, Moradi, and
Dinarvand (2013) considered three nanoparticles to exam-
ine the effect of radiation parameter on the nanofluid
flow over stretching sheet. They showed that for copper
particles, the temperature increases with the increase in
radiation parameter. Their graph shows temperature is
increasing with the increase in magnetic and radiation
parameters. The above mentioned studies used the line-
arized form of Rosseland approximation to examine the
radiation effects.

The main motivation of present study is to highlight
the concept of non-linear Rosseland approximation for
mixed convection stagnation point flow along a vertically
moving surface. Presently no extensive literature has
been discussed for non-linear radiation. So the main
purpose of the present study is to modify the concept of
linear radiation to non-linear radiation effects on the
stagnation point flow. Thus the mathematical model is
constructed based on above mentioned analysis in
Section 2. Methodology to solve the problem is defined
in Section 3. In Section 4, comparison results are pre-
sented to verify our study with the existing literature and
the graphs are plotted to discuss the effects of physical
parameters. Additionally, histograms of local Nusselt
number and the flow isotherms on the effects of non-
linear radiation as compared to linear radiation and
absence of radiation are included. Lastly, key findings
of the whole analysis are described in Section 5.

2 Mathematical formulation

We consider the steady two dimensional fluid flow and
heat transfer over a continuously moving surface. The sur-
face is moved with the linear velocity Uw = cx. Moreover,
we are considering the stagnation point flow with U∞ = bx.
The surface movement will cause the boundary layer for-
mation. Considering the Cartesian coordinate system, fluid
flow velocity will vary along x and y axis. Boundary layer
equations governing the fluid flow are given by

∂u
∂x

+
∂v
∂y

=0, (1)

u
∂u
∂x

+ v
∂u
∂y

=U∞

dU∞

dx
+ ν

∂2u
∂y2

± gβ T −T∞ð Þ, (2)
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u
∂T
∂x

+ v
∂T
∂y

= α
∂2T
∂y2

−
1
ρcp

∂qr
∂y

. (3)

In above equations, u x, yð Þ and v x, yð Þ are the velocity
components in the fluid flow and they are in perpendi-
cular direction respectively. Here ν = μ=ρ is kinematic
viscosity, ρ is density, μ is dynamic viscosity, g is accel-
eration due to gravity, β is coefficient of thermal expan-
sion, α= k=ρcp is thermal diffusivity, k is thermal
conductivity, cp is specific heat at constant pressure and
qr is radiation heat flux. The corresponding boundary
conditions are given by

u=Uw = cx, v =0,T = Tw at y =0, (4)

u=U∞ = ax, T = T∞ at y ! ∞. (5)

The radiation heat flux can be defined by using the
Rosseland approximation (Rosseland 1931)

qr = −
4
3ar

∇eb, (6)

where eb is the rate of radiation emitted by each square
meter of surface and ar is the Rosseland mean absorption
coefficient. The term eb = σSBT4 is defined by using Stefan-
Boltzmann radiation law. This law states that all objects with
temperature above absolute zero emit radiations at the
rate proportional to the fourth power of its absolute tempera-
ture. So σSB is the well-known Stefan-Boltzmann constant.
After using these relations, Eq. (3) can be rewritten as

u
∂T
∂x

+ v
∂T
∂y

=
∂

∂y
α+

16σSBT3

3ρcpar

� �� �
∂T
∂y

. (7)

The above equation is highly non-linear in T. The major
simplification can be done if the temperature difference
between wall and fluid is small. In that case, T can be
replaced by T∞ but the obtained results will be valid only
when temperature gradient within the flow is small.
Introducing the following transformations in the govern-
ing equations and boundary conditions

u=
∂ψ
∂y

, v = −
∂ψ
∂x

, η= y
ffiffiffiffi
c
vf

r
, f ηð Þ= ψ

x
ffiffiffiffiffiffiffi
cvf

p , θ ηð Þ = T −T∞

Tw −T∞

.

(8)

Hence we get

f ′′′+ ff ′′− f ′2 + r2 ± λθ=0, (9)

θ′′+Prfθ′+
Nr

3 1− θrð Þ 1− θrð Þθ+ θrð Þ4
h i′′

=0, (10)

f 0ð Þ =0, f ′ 0ð Þ= 1, f ′ ∞ð Þ= r = a=c, (11)

θ 0ð Þ= 1, θ ∞ð Þ=0, (12)

where

Nr =4σSBTw
3=kar, θr̂ = T∞=Tw, λ=Grx=Rex (13)

The value of θr is the ratio of ambient fluid temperature
to temperature at wall and it is noticeable that it can be
greater than or less than one. In such cases when θr is
equal to one, there is no temperature difference between
the wall and the ambient fluid. The constant λ ≥0ð Þ in
the equation (9) is the buoyancy parameter with
Grx = gβ Tw − T∞ð Þx3=ν2 is the local Grashof number and
Rex =Uwx=ν is the local Reynolds number, so the system
will be in thermal equilibrium. The definition of θr is
somewhat different from (Hayat et al. 2012) due to differ-
ence in the temperature transformations. Physical quan-
tities of interest are the skin friction coefficient and the
local Nusselt number

cf =
τw

ρU2
w=2

, Nu=
xðqw+ qrÞ
k Tw −T∞ð Þ , (14)

where τw = μ ∂u
∂y

h i
y =0

and qw = − k ∂T
∂y

� �
y = 0

. Using transfor-

mation (8) and Re= Uwx
ν , we have

1
2
CfRe

1=2
x = f ′′ 0ð Þ, (15)

Re− 1=2
x Nu= −

4
3
ðNr 1− θrð Þθ 0ð Þ+ θrÞ3 + 1

	 

θ′ 0ð Þ (16)

Figure 1: Geometry of the problem.
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3 Methodology

Equations (9) and (10) combined with the boundary con-
ditions (11) and (12) are solved numerically using a
Runge-Kutta (RK) method of order fourth-fifth along
with the shooting technique. The step size is taken as
Δη=0.01 and the convergence criteria is set at 10–6. The
asymptotic boundary conditions given by Eq. (12) were
replaced by using a value of similarity variable ηmax = 12
as follows:

f ′ ηmaxð Þ= and θ ηmaxð Þ=0. (17)

The choice of ηmax = 12 ensures that all numerical solu-
tions approached the asymptotic values correctly. Further
detail of the methodology is described in the books by Na
(1979) and Cebeci and Bradshaw (1984).

4 Results and discussion

In this section, comparisons between present results with
solutions by different authors are listed in Tables 1 and 2.
Good agreements are achieved in these findings. The

variations of the flow local Nusselt number in the
absence of radiation, with linear radiation and with
non-linear radiation are also tabulated in Table 3. It is
found that the local Nusselt number is escalated by mul-
tiplying the values of the buoyancy parameter λ for assist-
ing flow, the thermal radiation parameter Nr and the ratio
of the fluid temperature θr. Besides we will discuss the
effects of the aforementioned significant parameters
including the stagnation parameter r towards the velocity
and temperature profiles of assisting and opposing com-
ponents of the mixed convective stagnation point flow.
The variations of local skin friction and local Nusselt
number towards the buoyancy parameter λ along with
the influence of some other contributing parameters are
also demonstrated graphically for both driven flows.

In the context of stagnation flow model, buoyancy
parameter represents a dispersive force which is caused
by the pressure difference between the tip of a flow body
and depth or length of the flow column as it collides with
a static surface. Generally when the buoyancy parameter,
in this case, λ increases, the rate of amount of displaced
fluid will be greater which may provokes the velocity
of the flow to be higher as depicted in Figure 2(a).
Furthermore it is shown in Figure 2(b) that the flow

Table 1: Comparison for skin friction coefficient and local Nusselt number when Nr =M=θr = λ=0.

r # Cf Re
1=2
x NuxRe

− 1=2
x (When Pr = 1.5)

Mahapatra and Gupta
(, )

Nazar, Amin, Filip
and Pop, ()

Ishak, Nazar,
and Pop ()

Present Mahapatra and Gupta
(, )

Present

. –. –. –. –. –. –.
. –. –. –. –. –. –.
. –. –. –. –. –. –.
. . . . . –. –.
. . . . . –. –.

Table 2: Comparison for skin friction coefficient and local Nusselt number when Nr =M=θr =0 and λ= r = 1.

Pr # Assisting flow Opposing flow

Cf Re
1=2
x NuxRe

− 1=2
x Cf Re

1=2
x NuxRe

− 1=2
x

Ishak, Nazar,
and Pop ()

Present Ishak, Nazar,
and Pop ()

Present Ishak, Nazar,
and Pop ()

Present Ishak, Nazar,
and Pop ()

Present

. . . . . –. –. . .
. . . . . –. –. . .
 . . . . –. –. . .
 . . . . –. –. . .
 . . . . –. –. . .
 . . . . –. –. . .
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speed can be amplified with a slight rise in the stagnation
parameter r which possibly attributed by enhanced stag-
nation pressure on the boundary surface. On the other
hand, increasing the buoyancy parameter λ and the stag-
nation parameter r leads to reduction in the flow tem-
perature as evidenced in Figure 3. This phenomenon is
concurrently caused by augmentation in velocity which
suggests more heat can be transferred from the flow to
surroundings thus cooling down the flow.

The effects of thermal radiation parameter Nr and the
ratio of ambient temperature towards wall temperature θr
in the flow velocity and temperature distributions are
captured in Figures 4 and 5 respectively. Since Nr repre-
sents thermal dissipation via electromagnetic emissions,
the flow main energy is converted to electromagnetic
energy that fosters the internal kinetic movements and
collisions between the fluid molecules. Therefore with
advancement in the thermal radiation value Nr, the flow

slows down in Figure 4(a) but the internal conductivity of
the fluid directs the fluid flow to be hotter as displayed in
Figure 5(a). Apparently as the value of θr becomes
greater, the temperature gradient also amplifies provided
other variables in the system remain unaltered. Thus the
flow temperature declines rapidly with an increase in θr
as configured in Figure 5(b). Falling off temperature sug-
gests loosing of energy in the boundary layer flow. As a
result, the flow velocity decays accordingly with θr in
Figure 4(b). It is learnt here that except for the stagnation
parameter r, the buoyancy parameter λ, the thermal
radiation Nr and the temperature ratio θr exhibit symme-
trical effects to the velocity profiles occupying both direc-
tions of assisting and opposing flows.

Further impacts of the stagnation parameter r and
the buoyancy parameter λ are analyzed in the graphical
scatterings of the flow local skin friction and local
Nusselt number in Figure 6. Based on Newton’s law, an

Table 3: Variation of local Nusselt number when r =0.5 and Pr =6.2.

θr # Nr # Effects # NuxRe
− 1=2
x

Assisting flow Opposing flow

λ=0 λ= 0.5 λ= 1 λ=0 λ= 0.5 λ= 1

0 0 Absence of radiation . . . . . .

0 1 Linear radiation . . . . . .
0 5 . . . . . .
0 10 . . . . . .

0.25 10 Non-linear radiation . . . . . .
0.5 10 . . . . . .
1.5 10 . . . . . .

η
0 1 2 3

0.93

0.96

0.99

1.02

1.05

1.08

Assisting flow

Opposing flow

λ=0, 0.25, 0.5, 0.75, 1

(a)

η

f' 
(η

)

0 1 2 3 4 5

0

0.4

0.8

1.2

1.6

2

Assisting flow
Opposing flow

r=0.0

r=0.5

r=1.0

r=1.5

r=2.0

(b)

f' 
(η

)

Figure 2: Velocity profiles when
θr = 1.5, Pr =6.2,Nr =0.5 while (a)
λ(r = 1Þ and (b) r (λ=0.5Þ are varied.
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η
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0

0.2

0.4

0.6

0.8

1
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Opposing flow

r =0, 0.5, 1.0, 1.5, 2.0

(b)

Figure 3: Temperature profiles when
θr = 1.5, Pr =6.2,Nr =0.5 while (a)λ
(r =0.5) and (b) r (λ=0.5) are varied.

η

f' 
(η

)

0 1 2 3

0.98

0.99

1

1.01

1.02

Assisting flow

Opposing flow

θr =0, 0.4, 0.8, 1.2, 1.6

(b)

η

0 1 2 3
0.9

0.93

0.96

0.99

1.02

1.05

1.08

Assisting flow

Opposing flow

Nr=0, 0.2, 0.4, 0.6, 0.8

(a)

f' 
(η

)

Figure 4: Velocity profiles when
r = 1,Pr =6.2, λ=0.5 while (a)
Nr(θr = 1.5) and (b) θr (Nr =0.5) are
varied.
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(a)

η
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(η
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0
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0.8

1
Assisting flow
Opposing flow

θr =0, 0.4, 0.8, 1.2, 1.6Nr =0, 0.2, 0.4, 0.6, 0.8

(b)

Figure 5: Temperature profiles when
r = 1,Pr =6.2, λ=0.5 while (a) Nr
(θr = 1.5) and (b) θr (Nr =0.5) are
varied.
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addition of force in one direction impinges on addition of
force in other direction to synchronize the existing forces.
Since the flow travels faster under greater control of r and
λ as verified in Figure 2, then the skin friction countering
the flow direction also increases as shown in Figure 6(a).
Hence, the local Nusselt number (Figure 6(b)) which
denotes the rate of heat transferred to surroundings
ascends in consequence with the waning flow tempera-
ture in Figure 3(b).

Next the bearings of the buoyancy parameter λ along
the Prandtl number Pr and the radiation parameter Nr
towards the local Nusselt number are presented in
Figure 7. The values of Pr = 3.97, Pr = 6.2 and Pr = 14.2

are specifically chosen to typify three base fluids i.e.
acetone, water and ethanol respectively. It is found that
by elevating the Prandtl number, the local Nusselt num-
ber is sloping up. Physical justification behind this occur-
rence may lies in the definition of Prandtl number being
the ratio of viscous diffusivity against thermal conductiv-
ity. Rising of Pr indicates reduction in thermal conductiv-
ity which implies the internal ability of the flow to hold
the energy is weakening as inversely proportional to the
heat flux as observed in Figure 7(a). Apparently, the
impulse of the radiation parameter Nr towards the local
Nusselt number is quite eccentric. Based on Figures 4(a)
and 5(a), it is understood that the flow experiences

λ

R
e1/

2 C
f

0 1 2 3 4
-2

-1.5
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0.5
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1.5

Opposingflow
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flow
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r=0.5

r=1.0

(a)
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e–1

/2
N

u
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2.6

2.8

3

3.2

3.4

Opposingflow

Assisting

flow
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r=1.5

r=1.0

(b)

Figure 6: Profiles of (a) local skin friction and (b) local Nusselt number when and r is varied.
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Figure 7: Profiles of local Nusselt number when r =0.5,θr = 1.5 while (a) Pr(Nr =0.5) and (b) Nr (Pr =6.2) are varied.
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vanishing momentum in the movement but growing tem-
perature at the same time due to supplement of internal
kinetic collisions between fluid molecules when Nr
inclines. Yet this incidence does not obstruct the spread-
ing rate of heat transport from the flow to the vicinity as
revealed in Figure 7(b).

Eminent impact of non-linear thermal radiation
towards the local Nusselt number as compared to the
effects of linear radiation and absence of radiation can
better be perceived from the following histograms in
Figure 8 (assisting flows) and Figure 9 (opposing flows)
respectively. Through these figures, it can be observed
that in the absence of radiation effect there is no variation
in the local Nusselt number however by incorporating the
linear radiation effect, the local Nusselt number is gradu-
ally increasing with an increase in the value of the linear
radiation parameter Nr. Moreover, the variation in the
local Nusselt number is rapidly increasing by incorporat-
ing the combined effects of both linear and non-linear
radiation parameters. To analyze the fluid flow behavior,
stream lines are plotted in Figure 10 within the restricted
domain. These stream lines are plotted for two different
cases (a) in the absence of stagnation point and (b) in the
presence of stagnation point. Since stagnation para-
meterris ratio of stagnation point “a” to the stretching
sheet “c” so in the absence of stagnation provides more
dominant effects of stretching at the fluid. However, fluid
is about to stagnant at the free stream when the effects of
stagnation point are more dominant as compare to
stretching sheet. After analyzing the behavior of fluid
flow, isotherms are plotted in Figure 11 for three different
cases (absence of radiation, linear radiation and non-

Figure 8: Variation of local Nusselt number due to non-linear
radiation effects as compared to linear radiation and absence of
radiation for assisting flows.

Figure 9: Variation of local Nusselt number due to non-linear radia-
tion effects as compared to linear radiation and absence of radiation
for opposing flows.
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Figure 10: Variation of stream lines
when (a) r =0 (b) r =0.5.
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linear radiation). It is finally concluded that significant
difference in the variation of thermal contour lines is
based on radiation effect and high heat transfer has
been achieved in the case of non-linear thermal radiation.

5 Conclusion

The mixed convection of a thermal radiative stagnation
point flow on a vertically stretching sheet is investigated
in this study. This problem is solved numerically using
the shooting technique with Runge-Kutta method of
fourth-fifth order. The following conclusions are drawn:
– Both the buoyancy and stagnation parameters tend

to increase the velocity distributions and to decrease
the temperature distributions simultaneously.

– The effects of thermal radiation parameter to the
model is fully opposite with the buoyancy and stag-
nation parameters due to growing internal kinetics
movement of fluid molecules as the flow thermal
energy is converted to electromagnetic emissions.

– Symmetrical patterns for assisting and opposing
flows in the velocity profiles can be spotted for all
examined parameters excluding the stagnation para-
meter r.

– Higher ratio of ambient temperature towards wall
temperature caused both the velocity and tempera-
ture profiles to decline.

– The local skin frictions of this stagnation flow are
raised by escalating the buoyancy and stagnation
parameters.

– The buoyancy parameter affects the temperature pro-
file with adverse directions of assisting and opposing
flows while causing the local Nusselt number to
incline under influence of rising values of the stag-
nation and thermal radiation parameters, the ratio of
fluid temperature θr and also the Prandtl number.

– The variation of local Nusselt number is highly
affected by the combined effects of both linear and
non-linear thermal radiations based on the
histograms.

– The isotherms of the flow are significantly dominated
by the non-linear thermal radiation effect.
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