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Abstract  

 Current study is devoted to examine the magneto-hydrodynamics (MHD) flow of water 

based    Nanoparticles with oscillatory pressure gradient between two concentric cylinders. 

Arrived broad, it is perceived that the inclusion of nanoparticles has increased considerably the 

heat transfer near the surface of both laminar and turbulent regimes. Mathematical model is 

constructed in the form of partial differential equations which contains the effective thermal 

conductivity and viscosity of base fluid and nanoparticles. Close form solution is attained 

corresponding to the momentum and energy equation and results are evaluated for velocity, 

temperature and pressure gradient in the restricted domain. Graphical results for numerical 

values of the flow control parameters: Hartmann number M,  Reynolds number    , the solid 

volume fraction of nanoparticles   and the pulsation parameter based on the periodic pressure 

gradient have been presented for the pressure difference, frictional forces, velocity profile, 

temperature profile, and vorticity phenomena have been discussed. The assets of various 

parameters on the flow quantities of observation are investigated. To the same degree a 

concluding crux, the streamlines are examined and plotted. The results confirmed that the 

velocity and temperature may be controlled with the aid of the outside magnetic field and due to 

the growth in the nanoparticles and considerable enhancement in the heat transfer rate can be 

found by adding/removing the strength of magnetic field and nanoparticle volume fraction. 
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1. Introduction

  

Flow through a cylindrical shape is one of the most important and fundamental natural process at 

industrial level. Apart from industry, this fundamental process also used in daily life problems 

like; distribution of water in house from water through a cylindrical shape pipe, heart pumping 

and distribution of blood in all parts of body through cylindrical shape blood vessels, in ideal 

fluid like gas which is use for burning is also distributed through cylindrical iron pipes and also 

preserved in cylinders. The main question is why most often we use cylindrical shapes for all 

these process. There are several matters of fact but foremost important factor is to reduce the 

drag force with the surface so the fluid can travel faster in cylindrical shape duct as compare to 

others shapes. Sometime flow cannot be generated unless an external force will apply. There is 

several ways to drive the fluid in cylinder but pressure is the most appropriate way to enhance 

the tendency of fluid motion. The phenomenon that deals the flow through a cylinder shape via 

pressure is known as pulsatile flow. The flow through cylinder with oscillatory motion have 

many significant applications in real life like; blood flow through an artery, motion of urine in 

urethra, peristaltic food motion in the intestine.  

 Basic concept and analytical solution is constructed for velocity for time dependent flow 

in cylindrical shape pipe is presented by Atabek et al. [1]. In another study, Vardanyan et al. [2] 

construct many interesting and theoretical prototypes to discover the impact of MHD on flow through 

cylindrical pipes. Likewise, Chaturani and Palanisamy [3] present the impact of oscillatory body 

acceleration on blood motion due to pulsatile flow. They have determined the analytical solution 

of pulsatile flow of blood via finite Hankel and Laplace transforms. It is worth worthy to note 

that increase in the axial velocity provide the transformation of fluid momentum from axis of 

tube and the nearest region of tube wall with respect to increase in the diameter of tube. In the 

recent decay, Moustafa El-Shahed [4] extended the idea of Chaturani and Palanisamy [3] and 

attained the analytical results via Laplace and Hankel transform for pulsatile motion of blood 

flow through a porous medium with same oscillatory body force. He has found that velocity 

profile is increasing function of permeable parameter and provides the comparison for limiting 

case of his model. In recent study Mathur and Jain [5], discussed the concept blood flow through 

stenosed tube with oscillatory body force with magnetic field strength. Again these results are 

obtained through Hankel and Laplace transforms in term of Bessel–Fourier series form. The 
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significant influence of magnetic field is also obtained in this study. Sankar and Hemalatha [6] 

discussed the pulsatile flow in a catheterized artery. In this model non-Newtonian Herschel-

Bulkely fluid has been presented for two parameters namely: yield stress and power index.   

Dulal Chandra Sanyal and Ananda Biswas [7] have proven under the normal conditions, blood 

go with the flow inside the human circulatory system relies and it depends upon the pumping of 

coronary heart and this phenomena is due to the pressure gradient within the entire body. In 

another study, Yakhot et al. [8] discover the impact of rate of pressure and difference of phase on 

the velocity profile. Suces et al. [9] successfully attain the numerical result for reaction features 

near the temperature of the wall and the average temperature between a laminar drift to the flat 

plate by mean of finite difference technique (FDM). Later on many researchers have discussed 

the phenomena of channel flow with various conditions on pressure [10-14]. 

 Nanofluid is just a fluid comprising nanometer-sized particles, referred to as 

nanoparticles. Using nanofluids is to improve the heat-switch overall performance of the 

working fluids due to the fact they on the entire work as a coolant with a heat transfer device. 

Initially, main concept of nanofluid is conceived by Choi [15]. Nanofluid contains important 

thermosphysical properties such as thermal conductivity, thermal diffusivity, viscosity and 

convective heat transfer coefficients comparable to other Newtonian and non-Newtonian fluids 

like oil or water [16-19]. Important slip mechanism is presented by Buongiorno [20], in which he 

has presented the heat efficiency by visualizing the contribution of both Brownian motion and 

thermophoresis of nanoparticles. In another study, Akbar et al. [21] analyze the viscoelastic fluid 

models in the presence of nanoparticles with magnetic strength for mixed convection flow. 

Recently, Ebaid et al. [22, 23] thoroughly discussed the results for nanofluid in boundary layer 

regime. Close form solutions are determined to acquire the velocity and temperature by variating 

the values of emerging parameters. Recently, many authors have discussed the nanofluid flow 

phenomena for various types of working fluids and nanoparticle for different geometries [24-40].    

 Main emphasis of the problem is to describe the fluid based totally at the mathematical 

version of the    nanofluid with     as a liquid. In biomedicine copper particles play an 

important role by showing their significant use in drug delivery at various parts of human body 

like: to vanishing tumor, heart rhythms, arthritis, thyroid glands, and wound recovery. Red blood 

cells formation and cholesterol are different health advantages of   . In fact human body has 

complex homeostatic mechanisms which try to make certain a regular deliver of available 
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copper, whilst doing away with extra copper whenever this happens. Standards followed via 

some countries advise special copper intake ranges for adults, girls, toddlers, and kids, similar to 

the varying wishes for copper throughout one of kind ranges of life. The conventional governing 

equations based upon fundamental momentum and energy equations are formulated and then 

problem is solved analytically to achieve the precise answers within the shape of Bessel function. 

The obtained expressions for velocity, temperature and pressure gradient are discussed 

graphically through variant in bodily parameters. 

Nomenclature 

          Density of nanofluid  

          Viscosity of nanofluid 

          Specific heat of nanofluid 

          Thermal conductivity of nanofluid 

           Electric conductivity  of nanofluid 

            Density of fluid 

            Density of nanoparticles 

            Specific heat of the fluid 

            Specific heat of the nanoparticles 

            Eelectric conductivity of the fluid 

            Electric conductivity of the nanoparticles 

            Thermal conductivity of the fluid 

            Thermal conductivity of the nano particles 

             Dynamic viscosity of the fluid 

            Dynamic viscosity of nanoparticles 

  Womersley Number             

   Temperature gradient    

A Amplitude  

  Pulsation      

P Pressure  

M Hartmann number 

Pr Prandtl number   

    Reynolds  number  

t Time 

D Diameter 

r Radius    

T Temperature   

u,v,w Velocity components 

   Current density 

    Magnetic field 

H Magnetic field intensity 

C Velocity of light 

L       Length of the cylinder 

              Volume fraction of the nanoparticles  

R
*
=Ri/Re     

Used Indexes  

 i               Internal 

e               External 

f    Fluid 

p               Particle 

 

3. Mathematical formulation 

2.1 Physical problem 
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 A unidirectional Magneto-hydrodynamic flow of a viscous fluid passed through two 

equally concentric cylinders is established in a cylindrical coordinate system (rz-planar) 

according to the constrained shown in Fig. 1. To boost the thermal conductivity of working fluid 

we have saturated the Copper nanoparticles (Cu) within the water. To drive the fluid within the 

defined channel we have applied oscillatory pressure gradient in longitudinal direction (z-

direction). Since flow is due to pressure gradient therefor velocity of the walls of the cylinders is 

zero. However, the temperature of the external duct is adiabatic and uniform (400 Kelvin) at the 

internal duct. It is further assumed that atmospheric pressure and temperature is about 300 

Kelvin.  

 

Fig. 1 Flow field geometry. 

2.2 Governing equations 

Assumptions 

  As we have considered the fluid is incompressible, viscous and electrically conducting so 

we have constructed the mathematical model that is based upon conventional continuity, 

momentum and energy equations: 

                                                                                              (1) 

    
     

  
                   

                                                       (2) 
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In cylindrical coordinates system, equation of continuity, momentum and energy are given to be: 
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where,                     and     are the density, dynamic viscosity, specific heat, thermal 

conductivity and electric conductivity of nanofluid, respectively. These expression are defined 

as:  

    
  

         ,       (8a) 
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The expression of effective thermal conductivity          is introduced by Hamilton and Crosser 

[40]. This model depends upon the empirical shape factor n for the nanoparticle. In 

particular,     for spherical shaped nanoparticles and       for cylindrical ones. In view of 

above mentioned quantities, equations (5)-(7) take the following forms, respectively: 
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The system can be expressed in dimensionless terms by defining the following quantities: 
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In the above expression     
   

 

  
  is Reynolds number,    

    

  
  Prandtl number and 

      
  

  
  Hartmann number. Dimensionless form of the equations (9a) to (9c) is given by: 
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Hhere, the coefficients          and    are defined as:  
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2.3 Boundary Conditions  

The associated initial and boundary conditions of the model will take the following forms: 

At     

                          and                      .                         (12a) 
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For external duct  

                          and    
   

  
         .                                             (12b) 

For internal duct 

  
  

  
        

  

  
         and    

  

  
                                                    (12b) 

In order to find the close form solution, we expect that model is fully developed and the velocity 

field is described as:  

                                                                                                 (13) 

The fluid flow governing equations could be rewritten in the form, 
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The dimensionless form of equations 14(a) and 14(b) implies: 
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where,    
 

        . 

2.4 Solution of the problem 

Since the present phenomena deals with the study of pulsatile flow, therefore pressure gradient 

could be expressed in the form, 

  

  
                                                                                          (16) 

The supposed form of the solution for velocity profile can be defined as  

                                                                                                          (17) 

In view of above equations, we have from equation (15a) 
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The solution obtained from equation (18) is in the shape of Bessel function, i.e. 

                                ,                                                                                (19) 

where    Bessel functions of first kind and K0 are Bessel functions second kind and   

            . To be able to determine            we use the boundary conditions  

  
  

  
    ,          .       (20) 

From equation (17), the velocity solution profile can be indicted as 

                              
   

      
  ,     (21) 

Where the constants    and    are defined as: 
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Again from equation (15b), it is assume that solution of temperature profile is defined as: 

                                 .                                                               (22) 

Where    
  

 
 and equation (15b) will give us: 
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Using the boundary conditions, 
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       (24) 

Solution of temperature profile can also written as: 
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where     
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2.5 Pressure calculation 

From equation (15a) we have 
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Substituting the solution obtained for        in equation (26) 
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The dimensionless pressure rise is define as 
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Expression for stream function is given as follows: 

       
 

 

  

  
.      (30) 

Table 1: Thermo-physical properties of     Based   . 

 Phase             k    (W/mK) C     (J/kg K) σ  (s/m) 

    (Water) 997.1 0.613 4179 0.05 

   Copper) 8933 400 385 5.96×107 

 

4. Results and Discussion 

In order to obtain an insight into the physics of the problem, computations of velocity profile, 

temperature profile, vorticity, pressure rise, and streamlines are plotted for various values of 

magnetic field parameter M, kinetic Reynolds number    , nanoparticle volume fraction  , 

amplitude of pressure gradient   , Prandtl number Pr and time t.  

 The axial velocities are studied which varies from inlet to outlet and affect the heat 

transfer rate in particular region due to development of flow. For one complete pulsation cycle of 

     the instances were taken at each       to calculate the axial velocity variation at 

particular volume fraction  . All the captured instances are in total 12 for a complete cycle 

of     . Figures 2(a) and 2(b) are ready to study the impact of various values of nanoparticle 

volume fraction at velocity distribution. Each plotted figure represents that the velocity profile 

traces a parabolic trajectory and attain maximum distribution of velocity at the mean position of 

the channel and rapidly decreases with rise of volume fraction. It is also illustrated from Figures 

2(a) and 2(b) that inclusion of nanoparticles provides the increase of density of whole mixture. In 

figure 2(a), one can observe that there is a significant and higher disturbance in the velocity 
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profile for base fluid ( =0) as compare to the nonzero values of nanoparticle volume fraction. 

Physically, we can say that by incorporating the nanoparticles within the water then the density 

of whole mixture will increase considerably. Consequently, when density of nanofluid increases 

then motion of nanofluid become slow as compare to the base fluid (water) as shown in Figs. 

2(a) and 2(b). Figures 3(a) and 3(b) illustrate that velocity maximum are found at the vicinity of 

the cylinder’s walls with rapid vibrations due to annular effect. These annular effects rise due to 

Womersley number    .  

 

 

Fig. 2: Variation of velocity profile when           (a)     (b)       . 

 

 

Fig. 3. Variation of velocity profile when            (a)     (b)      . 

It is shown that with increase of      velocity slightly deviate from sinusoidal mean velocity for 

certain instance of time. With increase of       gives rise to the more substantial annular effect 

and in this way the radial velocity nearby cylinder wall become steeper and friction force 
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increases with increase of     . Inertial components increase in momentum equation with 

increase of    . Further it is notice that by increase of Womersley number provides the increase 

of velocity profile. Since, Womersley number is the ratio of pulsation to the viscous forces and 

when we increase the Womersley number then viscous forces will reduce. When viscous forces 

will then reduce then motion of the fluid particles become faster and consequently velocity 

profile will increase gradually (see Fig. 4(a) and  4(d)). Figure 5 is plotted in the comparison of 

Fig. 4 for Hartmann number. In Fig. 4, we have found that velocity distribution is adjacent along 

the walls of the ducts for M=0. However, for M=10 velocity distribution attains maximum 

amplitude at the mean position and trace the parabolic trajectory (See Fig. 5). It can further 

compare from Fig. 4 and Fig. 5 that increase in Hartmann number pretend provides squeeze the 

amplitude of velocity profile due to restive force. It is also obtained from Figures 5(a) and 5(b) 

that by the addition of nanoparticles lessens the maximum velocity of the base fluid. It could be 

comprehended from Figs. 5, 6 (a) and 6(b) that the magnetic field serves as a retardant towards 

the flow, which ends up decrease the flow rate. Furthermore, the magnetic field gives rise to 

eliminate the annular effect that is considered as a feature of the pulsatile flow. 

 

Fig. 4: Variation of velocity profile when            (a)     (b)      . 
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Fig. 5: Variation of velocity profile when            (a)     (b)       . 

 

 

Fig. 6: Variation of velocity profile when             (a)     and (b)      . 
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of nanoparticle volume fraction   (See Figures. 7(b)-7(d)). It is also notice that the vorticity 

takes negative values for certain phases for different   values indicating the presence of a return 

flow.  In comparison of Fig. 7(a)-7(d), obtained variation in vortex is very high for base fluid (  = 0) as 

compare to the non-zero values of nanoparticle volume fraction.  

 The reduction of flow area ends in grows the velocity as its miles proven in figures 8(a)-

8(d), where the velocity decreases with increase of nanoparticle volume fraction  . In figure 

8(a)-8(d), it is noticed that flow area construct set of envelop for various values of radius and 

velocity field attained maximum position with respect to increasing values of the radius. Since, 

internal radius of the cylinder remains less or equal to the radius of external cylinder so domain 

of the velocity profile restrict from       so it may be visible that the velocity maximums 

are in the neighborhood of the conduits for the flow areas that change from 0.7 to 1 and the 

decline in the flow area result in lessen the annular effect. 

  

 

Fig. 7: Variation of vortex profile t for (a)   = 0, (b)   = 0.05, (c)   = 0.1 (d)   = 0.2 when 
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Fig. 8: Variation of velocity profile for various values of    (a)   = 0 (b)   = 0.05 (c)   = 0.1 

(d)   = 0.2. 
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Exploration of heat transferal revolves around the study of temperature profile as well as heat 

transfer rate situated near the surface of the cylinder. To deal the influence of parameter at the 

temperature distribution results are plotted for nanoparticle volume fraction, Kinetic Reynolds 

number, amplitude of pressure gradient, Hartmann number, Prandtl number. In Figs. 9(a)-9(d), 

we have plotted the amplitude of pressure gradient at various position of   . It is found that 

when        then temperature profile reduces within the whole domain of the two ducts with 

increasing values of amplitude pressure gradient.  However temperature profile switch its 

behavior from increasing to decreasing behavior for various values of amplitude pressure 

gradient at              It is important to note that temperature profile switches twice its 

behavior at       . Figure 10(a) shows the variation of dimensionless temperature profile for 

water-based Cu nanoparticles for varied volume fraction   . It is spotted that with an increase of 

nanoparticles enhance the heat transfer profile. Based upon effective thermal conductivity it is 

further determined that water based Cu nanoparticles have higher heat transfer rate as compare to 

the  base fluid (water) .Similarly Fig. 10(b) depicts the variation of temperature profile is plotted 

against Hartmann number   . One can observe that fluid temperature rises due to imposition of 

the transverse magnetic field. Since magnetic field produces the electric current in fluid which 

produces heat in the fluid, so the magnetic field with radiation assists the enhancement 

phenomena. Fig. 10(c) and 10(d) shows the effect of time on temperature profile. It is found that 

increase of time   rise the temperature profile. 
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Fig. 9: Variation of temperature profile for various values of pressure gradient A when (a) 

       (b)         (c)        and (d)       . 
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Fig.10. Variation of temperature profile for various values of (a) nanoparticles    (b) Hartmann 

number M and (c)           (d)            . 

 

In Fig. 11, results are plotted for stream line to analyze the variation of flow behavior for base 

fluid and water based    nanoparticles. One can observe that these stream lines variate its 

pattern with respect to nanoparticle volume fraction  . It is found that less numbers of contour 

are obtained in the absence of nanoparticles    , while these contours takes the wider shape 

with respect to increase of nanoparticle volume fraction.  Fig. 12 demonstrates the variation of 

pressure gradient for increasing values of nanoparticle volume fraction. It is found that, at the 

mean position of the duct with       
  pressure gradient is maximum but attained the 

decreasing behavior. However at     
 and       

 pressure gradient is minimum but predicts 

the increasing behavior by improving the values of  . It is further observed that for       , 

there is a maximum change in the pressure gradient as compare to the large value of        .  
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Fig. 11: Streamlines for water- based Cu nanoparticles for (a) base fluid (   = 0) (b)    = 0.05 

(c)    = 0.1 and (d)    = 0.2. 
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Fig. 12: Pressure gradient for (a)        and (b)       , when   
 

             . 

5. Conclusions 

 We have discussed the MHD pulsatile flow of nanofluid between two concentric ducts. 

Exact solutions for velocity, pressure and temperature distribution in case of a pulsatile flow for 

nanofluid is obtained between two ducts. The consequence of magnetic field on heat transfer has 

been studied analytically, which is valuable for the knowledge of blood behavior when exposed 

to a magnetic field. It can be concluded that the flow of blood and pressure can be controlled 

sufficiently by the application of an external magnetic field. This will help to reduce some 

arterial diseases. The solutions for the velocity, pressure and temperature are shown graphically 

for a wide range of Reynolds numbers, volume fractions, Prandtl numbers and Hartmann 

numbers. Moreover, the results confirmed that the velocity and temperature may be controlled 

with the aid of the outside magnetic field and so the heat transfer can be decreased or improved 

by grasping the amount of the magnetic field. Amplitude of velocity decreases by improving the 
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values of  . It is further analyzed that addition of copper nanoparticles rising the temperature of 

water.  
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Graphical Abstract:  

Analysis is performed for   –water nanofluid with oscillating pressure gradient between two 

concentric cylinders. These important results are shows the important effects of vortex profile and 

flow area on the velocity profile. 
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Research Highlights:  

 Analysis is performed for MHD nanofluid between two concentric cylinders.  

 Attained results depict the dominant enhancement in the thermal conductivity of base 

fluid. 

 Oscillatory pressure gradient is applied to provide the interrupt within the nanofluid.  

 An efficient and dominant effect can be analyze for vortex profile and flow area on the 

velocity profile. 


