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Abstract 

 

The major goal of writing this thesis to enunciate the notion of numerical solution of 

micropolar fluids due to moving surface. We have established the thesis in the 

following manners. In the first chapter, comprehensive study based upon literature is 

discussed for micropolar fluid. Second chapter consists of basic definitions of fluids 

and fundamental laws. Third chapter is a review chapter of micropolar fluid with 

magneto hydrodynamics along with viscous dissipation on a stretched sheet. By 

applying the built-in bvp4c approach with the similarity transformation, we have 

investigated a methodology of partial differential equations. Boundary layer approach 

is utilized to obtain the simplified form partial differential equations. Later on, by 

employing appropriate methods, boundary layer strategy and the similarity 

transformations, governing systems of PDE’s has been converted to a various 

cumulative ODE’s and then solved numerically. Graphically, the associated parameters 

including Prandtl number, magnetic parameter, material parameter, Eckert number, 

thermophoresis parameter, Brownian motion number and Schmidt number are variated 

for velocity and temperature profiles. In chapter four, micropolar fluid flow with zero 

mass flux of nanoparticles in a porous medium. The same strategy is used to solve the 

model as discussed for chapter 3. In the fifth chapter, the conclusion of the entire study 

is presented. 
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CHAPTER 1 

 

FUNDAMENTAL CONCEPTS AND DEFINITIONS 
 

Some of the fundamental definitions and few laws associated with the flow of fluid 

have been discussed in this chapter, briefly. 

1.1     Fluid 

 

A material that deforms continually under forced shear stress or external pressure is 

fluid. Fluids are a substance form of liquids, gases, and plasma. 

1.2   Fluid mechanics 

 

The analysis of both static and mobile fluids is called fluid mechanics. Fluid 

mechanics examine fluid behavior, both static and in motion. The contact of liquids with 

boundaries is also discussed. Fluid dynamics, kinematics and statics are subdivision of fluid 

mechanics into three categories. The movement of fluid particles is studied in fluid dynamics. 

Fluid Kinematics deals with study of movement of particles of the fluids with zero external 

forces and at rest the analysis of fluid’s particles is called fluid statics. 

 



3 
 

1.3   Physical Properties of Fluid 
 

1.3.1   Density of fluid 

 

Mass (𝑚) per unit volume (𝑉) of particles of fluids is called the density (𝜌) of fluid. 

Mathematically it can be expressed as: 

𝜌 =
𝑚

𝜈
 

[𝑀𝐿−3 ] is the dimension of density. 

 

1.3.2   Dynamic viscosity  

 

For any application when we study fluid flow, viscosity is a basic material property. 

The internal fluid resistance estimation is dynamic viscosity also called absolute viscosity 

and is represented by Greek letter 𝜇. It can be mathematically written as: 

𝜇 =
shear stress

deformation rate
 

[𝐿2𝑇−1] is dimension of dynamic viscosity. 

 

1.3.3    Kinematic viscosity  

 

 The kinematic viscosity of fluids can be defined as the ratio between the absolute 

viscosity and density of fluid. Mathematically, it is represented by 𝜈 and written as 

𝜈 =
absolute viscosity

density
 =

𝜇

𝜌
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𝑚2

𝑠
 is the SI unit of 𝜈. 

1.4   Classification of fluid  

 

1.4.1   Inviscid fluid  

 

            The fluid whose viscosity is zero is termed as inviscid fluid and also known as ideal 

fluid. 

1.4.2   Viscous fluid 

 

               In viscous fluid viscosity does not vanish and viscous fluid is also termed as real 

fluid. Real fluid is of two types i.e., 

i. Newtonian 

ii. Non - Newtonian fluid 

 

i. Newtonian fluid 

 

          A viscous fluid known as a Newtonian fluid has a linear relationship between the shear 

stress and the rate of deformation. The Newton’s viscosity law holds for such type of fluids. 

i.e. 

𝜏𝑦𝑥 ∝  
𝑑𝑢

𝑑𝑦
  ⟹ 𝜏𝑦𝑥 = 𝜇

𝑑𝑦

𝑑𝑥
 

In the above expression, the proportionality constant is 𝜇 i.e. the fluid’s dynamic viscosity. 
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ii.   Non - Newtonian fluid 

 

 Non-Newtonian fluid is a kind of viscous fluid in which the relation between shear 

stress 𝜏𝑦𝑥  and the rate of deformation (
𝑑𝑢

𝑑𝑦
)
𝑛

is inverse. ketchup, paint, blood, drilling muds, 

biological fluids etc. The power law model holds for such type of fluids i.e. 

𝜏𝑦𝑥 ∝ (
𝑑𝑢

𝑑𝑦
)
𝑛

⟹ 𝜏𝑦𝑥 = 𝑘 (
𝑑𝑢

𝑑𝑦
)

𝑛

  ,                              𝑛 ≠ 1 

where flow behavior index is 𝑛 and consistency index is 𝜅. 

 

1.4.3   Compressible fluid 

 

              Compressible fluid is the fluid whose density varies continuously during its flow. At 

its each point the density of such fluids is different. All the gases fall in the category of 

compressible fluids.  

1.4.4   Incompressible fluid 

  

Incompressible fluid is the fluid whose density remains same during its flow. The 

value of density of such fluid is roughly same as its each point. Most famous example of 

incompressible fluids is water. 

1.5   Two-Dimensional flow 
 

           The measurements are basically space coordinates and fluid motion in the majority 

of the scenarios is known to be tri dimensional, but two-dimensional is considered in order 

to make sure that the fluid flow is in plain coordinates and can be conveniently handled. 
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1.6   Boundary layer  
 

               A thin fluid layer behaves such that its inner surface permanently attached to the 

body's border. The flow's velocity is zero at the boundary. For a small layer velocity will 

change w.r.t distance from the surface. Velocity gradient exists for a small layer above the 

surface and this small layer is boundary layer. So, there will be some shear stress 𝜏. 

 𝜏 = 𝜇
𝑑𝑢

𝑑𝑦
 

1.7   Nanofluid Flow 
 

               Nano-meter sized particles are known as nanoparticles. These types of fluids 

containing nanometer size particles is known as nanofluid. Fluid’s nanoparticles are used to 

increase the fluid’s thermal conductivity.  

1.8   Brownian Motion  
 

            The haphazard and random motion experienced by the fluid’s particles due to their 

collision with one another is known as the Brownian motion. e.g. Diffusion of pollutants in 

the air. 

1.9   Thermophoresis 
 

             When mobile particles are mixed together, a process known as thermophoresis occurs 

in which the various particle types react differently to the force of a temperature gradient. In 

simple terms, the particle will be drawn to a cold surface and repelled away from a heated 

surface. 
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1.10   The Buoyant force  
 

              The buoyant force, sometimes referred to as up thrust, is the upward force generated 

on an element fully or partly submerged in the fluid is the buoyant force also known as up 

thrust. Because of the buoyant force, a body that is partly or fully immersed in a fluid feels 

lighter 

1.11   Some useful non-dimensional numbers 
 

1.11.1   Prandtl number 

 

It is change in kinematic viscosity 𝜈 with respect to thermal diffusivity 𝛼. It is non-

dimensional number. Mathematically, 

𝑃𝑟 =
𝜈

𝛼
 

1.11.2   Reynolds number  

 

Reynolds number is a non-dimensional ratio of the fluid's inertial and viscous 

forces. Mathematically, 

𝑅̃𝑒 =
𝛼𝑥2

𝜈
 

1.11.3   Nusselt number 

 

The non-dimensional ratio of the fluid’s convective and conductive heat transfer is 

called Nusselt number. This may be measured using flux, which also gives the speed at which 

heat is transferred from a surface to a fluid. 
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1.11.4   Sherwood number 

 

Dimensionless ratio in the convective mass transfer and the mass transport 

diffusion’s rate is Sherwood number. 

1.11.5   Eckert number 

 

 The fractional relation of kinetic energy and enthalpy is characterized termed Eckert 

number. Generally, it can be expressed as; 

𝐸𝑐 =
advective mass transfer

viscous dissipation
 

1.12   Conservation laws  
 

 To deal with conserved quantity we use laws of conservation. Laws of conservation 

specified below are used for flow specification in the sub sequential analysis. 

▪ Momentum conservation law 

▪ Energy conservation law 

▪ Concentration law of conservation 

 

1.12.1    Conservation of Mass 

 

 The conservation of mass can be used to derive the continuity equation and 

mathematically, it is expressed by 

𝜕𝜌

𝜕𝑡
+ 𝛻̃ . (𝜌𝑉̃) = 0, 
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where t is the time. In case of an incompressible fluid, the continuity equation is expressed 

by 

𝛻̃. 𝑉̃ = 0, 

1.12.2   Law of Conservation of Energy with Brownian and   

Thermophoresis effects 

 

               Energy equation for fluids is 

𝜌𝐶𝑝 (
𝜕

𝜕𝑡
+ 𝑉̃𝛻̃) 𝑇̃ = 𝜅𝛻̃2𝑇̃ + 𝜏𝐿 + 𝜌𝐶𝑝 [𝐷𝐵𝛻̃𝐶. 𝛻̃𝑇̃ +

𝐷𝐵

𝐷𝑇
 𝛻̃𝑇̃] , 

where 𝐶𝑝 denotes the basic fluid’s specific heat, 𝜌 is density for fluid’s particle and rate of 

strain tensor represented by L, the fluid's temperature denoted as 𝑇̃, the coefficient of 

Brownian motion denoted by 𝐷𝐵 and temperature diffusion coefficient by 𝐷𝑇. 
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CHAPTER 2 

 

 

INTRODUCTION 
 

Research in exceptional areas has been offered by fluid mechanics. The 

continuing advancement of fluid mechanics theory and applications has been facilitated 

by researchers. The most deep-rooted Model of Navier-Stokes for classical fluids 

presents that the motions of Newtonian fluids that seem to be incompressible. 

Nevertheless, Navier-Stokes representation is insufficient to explain the liquids like 

polar fluids, fluids with microstructural components. These fluids are fascinating on their 

own and essential from a practical one. Most of these consisting of the Polymeric 

suspensions, blood of animals, crystals of liquid characterize these fluids that are 

complex. Their constituent particles could enlarge and contract, their shapes might vary, 

and they have the ability to rotate independently. 

 Several explanations have been proposed, Despite the fact that basic deformable 

directed fluids, simple micro fluid theories, and dipolar fluids all resemble the type of 

fluids containing microstructure, they are not all universal. Eringen [1, 2] was the first 

to develop the theory of microfluids, which thoroughly investigates the Navier-Stokes 

model. The microscopic movement and local structure for the fundamental elements of 

fluid are associated to microscopic effects that have been seen in microfluids. Spin 

inertia has an impact on such fluids, which can withstand tension and bodily movements. 

 Eringen [3] then advanced the notion of micropolar fluids. This theory contains 

established fluid medium that is under stress along with micro rotational effects, micro 

rotational inertia, and couple stresses. He examined flow problems of one-dimension for 

micropolar fluids. He worked at one-dimensional micropolar fluid flow problems. 

Furthermore particular, he examined the uniform flow of micropolar fluids in different 

channels like ducts, tubes, circular and spherical. Specifically, and presented graphical 
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representations for coupled stress, shear stress differences, velocity, and micro-rotation 

profiles. 

  Physically, this category of bar-like elements in the same approach with the fluids 

that are isotropic fluids, e.g. crystals of liquids, that together with molecules resembling 

dumbbell, blood of animals, fluids containing polymers and those fluids which have 

particular additives. This theory has been predicted to also offer a mathematical 

explanation for non-Newtonian behaviour seen in some synthetic liquids, such bloods 

and polymers. 

 Fundamental flow problems have been studied using Micropolar Fluid concepts 

framework. The research conducted in the field of micropolar fluid flow problems as 

well as its possible applications first described by Ariman et al. [4]. The flow of 

micropolar fluid past a permeable stretching sheet in presence of joule heating, thermal 

radiation, partial slip and magneto hydrodynamic (MHD) with convective boundary 

conditions have discussed by Ramzan, M et al. [5]. Turk et al. [6, 7], Hogen et al. [8,] 

have all applied the approach to blood flow. The steady two-dimensional stagnation 

point flow of an incompressible micropolar fluid over a stretching sheet when the sheet 

is stretched in its own plane with a velocity proportional to the distance from the 

stagnation point, has been studied by Nazar et al. [9]. Tozeren et al. [10] used the concept 

of micropolar fluids for suspensions. In contrast, Allen et al. [11] proposed the idea of a 

lubrication of the micropolar fluids. Making use of a finite difference method, Chapman 

and Bauer [12] were successful in finding a group of accurate solutions to the Navier-

Stokes equations. For micropolar instance, this issue was looked into Agarwal [13], 

Takhar, and Soundalgekar [13,14] discussed the flow and heat transport of both 

micropolar fluid over a porous medium. Haq, R.U et al. [15] investigated the two-

dimensional boundary-layer flow of natural convective micropolar nanofluid along a 

vertically stretching sheet. Moreover, considered the simultaneous effects of radiation 

and convective boundary surface. Influences of nanoparticles also analyzed for both 

assisting and opposing flow. A class of accurate solutions for the Magneto hydro-

dynamics flow for micropolar fluids trapped between parallel, non-coaxial, insulated, 

and infinite spinning discs were studied by Kasiviswanathan and Gandhi [16]. Guram 
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[17] investigated the existence of in stationary flows of incompressible micropolar fluids 

and Smith [18] researched an accurate solution for the uniform Magneto hydrodynamics 

flow for a micropolar fluid is examined, together with the stationary flow for a 

micropolar fluids with powerful and fragile contact. Al-Sanea [19] examined mixed 

convection heat transfer with a constantly rotating heated vertical channel by 

investigating at suction or injection. Kumari and Nath [20] examined mixed convection 

boundary layer flow across a confined vertical cylinder along concentrated injection or 

suction and cooling or heating. Outside of a stretched empty cylinder, Wang [21] studied 

the flow in an acoustic fluid at rest that was viscous and incompressible. The effects of 

a shrinking sheet on Magneto hydrodynamic viscous flow were examined by Sajid and 

Hayat [22] using the homotopy analysis method. Sajid et al. [23] explored the magneto 

hydro-dynamic rotating flow of a viscous fluid over a contracting surface. In order to 

analyze Magneto hydro-dynamics flow for non-Newtonian fluid across stretched sheet, 

Liao [24] developed an analytical solution.  

The two-dimensional boundary layer was examined by Kuiken [25] and Banks 

[26] Closed-form exact solutions of MHD viscous flow over a shrinking sheet. Ishak et 

al. [27] examined the effects for a constant hydrostatic pressure of flow and heat transfer 

outside a stretched porous cylinder and used the Keller-box technique for numerical 

solutions. Wang [28] investigated the stagnation flow in the direction of a contracting 

plate. According to his discussions the axisymmetric and two-dimensional examinations 

of this study are under consideration. A unique class of solutions with exact similarity 

and reverse flow examined in his study. Fang and Zhang [29] examined magneto hydro-

dynamics flow along a shrinking surface and provided an accurate solution to the 

problem. Wang [30] proposed an accurate approximate solution for three-dimensional 

fluid dynamics in response for a stretched flat surface. Rahman et al. [31] conducted 

computational modeling to study the effect of fluid electric conductivity and non-

uniform source of heat or sink to a two-dimensional, uniform, hydromagnetic, and 

convective flow for a micropolar fluid in contrast to fluid layer flow with a slanted solid 

surface with a homogeneous surface heat flux. Hayat et al. [32] studied the two- 

dimensional Magnetohydrodynamics unsteady flow for an incompressible micropolar 

fluid through a nonlinear stretching sheet. Ishak et al. [33] examined the continuous 
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Magnetohydrodynamics mixed convection stagnation flow for a vertical surface 

immersed in an incompressible micropolar fluid. Ishak et al. [34] investigated the 

stagnation flow for magnetohydrodynamics boundary layer flow in the presence of a 

changing magnetic field using a spike with a constant flux of surface heat covered in an 

incompressible micropolar fluid. The constant convective heat transfer boundary layer 

movement for a vertical surface immersed in an incompressible micropolar fluid is taken 

into consideration by Ishak et al [35] in the analysis. Tarek [36] investigates flow through 

the boundaries of a micro-polar fluid caused by continuously extended surface in the 

case of decreasing coupled variables. The constant convective heat transfer boundary 

layer movement across a vertical plane covered in a viscous fluid micropolar fluid 

described briefly a work by Ishak et al. [37]. Kumaran et al. [38] accurately solve for 

mixed convection flow for a liquid along an electrical conductivity through a nonlinearly 

extended and linear transparent surface. Nazar et al. [39] have investigated the 

movement of an incompressible micropolar fluid with the presence at a stable, two-

dimensional stagnation flow when the sheet is extended inside the field with a speed 

proportionate the distance from the stagnation point. Hayat et al. [40] examined 

peristaltic flow for a micropolar fluid in a channel. 

 Examining numerical solution of Micropolar fluids due to moving surfaces is the 

objective of this study. For this the energy equation, momentum equation, angular 

momentum equation and concentration equations are employed using boundary layer 

approach. The PDEs have been transformed into ODEs using the suitable associated 

transformations. To attain the objective of numerical solution, the associated ODEs are 

solved numerically. 
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CHAPTER 3 

 

MICROPOLAR NANOFLUID FLOW WITH MHD AND 

VISCOUS DISSIPATION EFFECTS TOWARDS A 

STRETCHING SHEET 
 

 The intention of writing this chapter is to investigate Numerical solution of 

Micropolar Nano-fluid flow with Magnetohydrodynamics and viscous dissipation effects 

towards a stretching sheet. The equations for energy, momentum, angular momentum and 

concentration are defined mathematically and then extracted. The boundary conditions are 

mentioned as well. In order to arrive at closed form solution of the equations of momentum, 

energy, angular momentum and concentration, we converted the governing nonlinear PDEs 

into dimensionless nonlinear ODEs. In order to numerically calculate the solution of 

dimensionless ODEs with boundary conditions, utilizing the built-in bvp4c approach after 

conversion of the given PDEs to the first order ODEs. 

3.1   Mathematical Formulation of the problem  

 

          Consider a unidirectional, incompressible flow for micropolar fluid, nanofluids 

through a moving surface which is steady and two dimensional. A coordinate system used is 

a two-dimensional Cartesian system. Consider x-axis parallel to the surface, whereas y-axis 

is perpendicular to it. The strength of magnetic field 𝐵0 is applied vertically of electrically 

conducting fluid. Governing equations Continuity, energy equation, momentum equation, 

angular momentum equation and concentration equation for this problem may be formulated 

using the usual boundary layer approach as follows: 
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Figure 1. Geometry of model 

 

𝜕̃𝜌

𝜕𝑡
+ 𝛻̃ . (𝜌𝛻̃) = 0,      (3.1) 

(𝜆 + 2𝜇 + 𝜅 )𝛻̃ (𝛻̃. 𝑉̃) − (𝜇 +  𝜅) 𝛻̃ × (𝛻̃ × 𝑉̃) + 𝜅 (𝛻̃ × 𝑁̃) − 𝛻̃𝑃̃ +  𝜌𝑓∗ 

          = 𝜌 (
𝜕𝑉

𝜕𝑡

̃
+ 𝑉̃ . (𝛻̃𝑉̃)) , (3.2) 

(𝛼 + 𝛽 + 𝛾) 𝛻̃ (𝛻̃ . 𝑁̃) −  𝛾 (𝛻̃  ×  𝛻̃ × 𝑁̃ ) +  𝜅 (𝛻̃ × 𝑉̃) − 2𝜅𝑁̃ +𝜌 𝑙∗ 

   =  𝜌𝑗 (
𝜕𝑁̃

𝜕𝑡
+ 𝑉̃ . 𝛻̃𝑁̃) , (3.3) 

𝜌𝐶𝑝 (
𝜕𝑇

𝜕𝑡

̃
+ (𝑉̃. 𝛻̃)𝑇̃) =  𝑘𝛻̃2𝑇̃,           (3.4) 

where 𝜌 is density of fluid, 𝑉̃ is the velocity vector, microrotation is 𝑁̃, 𝑃̃ is pressure, body 

force and body couple per unit mass are 𝑓∗ and 𝑙∗ respectively, the microinertia is 𝑗,material 
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constants are 𝛼, 𝛽 , 𝛾 , 𝜇 , 𝜆 while fluid’s temperature (𝑇̃), specific heat of fluid (𝐶𝑃 )  and 

conductivity of heat (k) respectively. Body couples are also ignored, and steady, laminar, 

incompressible fluid flow problems are assumed to exist. The equations (3.1) to (3.4) become 

based on the above-mentioned assumptions. 

𝛻̃. 𝑉̃ = 0,            (3.5) 

𝜅 (𝛻̃ × 𝑁̃) − ( 𝜇 +  𝜅) 𝛻̃  × (𝛻̃ × 𝑉̃)  − 𝛻̃𝑃 +  𝜌𝑓 =  𝜌 ( 𝑉̃ . 𝛻̃)𝑉̃,    (3.6) 

 (𝛼 + 𝛽 + 𝛾) 𝛻̃ (𝛻̃ . 𝑁̃) − 𝛾 (𝛻̃ ×  𝛻̃ × 𝑁̃ ) + 𝜅 (𝛻̃ × 𝑉̃) − 2𝜅𝑁̃ = 𝜌𝑗(𝑉̃ . 𝛻̃𝑁̃),  (3.7) 

𝜌 𝐶𝑝(𝑉̃. 𝛻̃)𝑇̃ =  𝑘𝛻̃2𝑇̃,          (3.8) 

The velocity components 𝑉̅ = 𝑉̅(𝑢, 𝑣, 𝑤) and microrotation 𝑁̅  =  𝑁̅ (𝑁1, 𝑁2, 𝑁3) may be 

used to write the above set of equations (3.5) to (3.8) can be written in Cartesian coordinates 

system.  

The components of associated partial differential equations are: 

𝜕𝑢̃

𝜕𝑥
+ 

𝜕𝑣̃

𝜕𝑦
+ 

𝜕𝑤̃

𝜕𝑧
= 0,           (3.9) 

( 𝜇 +  𝜅) (
𝜕2𝑢̃

𝜕𝑥2
+

𝜕2𝑢̃

𝜕𝑦2
+ 

𝜕2𝑢̃

𝜕𝑧2
) + 𝜅 (

𝜕𝑁̃3

𝜕𝑦
−

𝜕𝑁̃2

𝜕𝑧
) − 

𝜕𝑃

𝜕𝑥
+  𝜌𝑓𝑥  

                                                                                    =  𝜌 ( 𝑢̃  
𝜕𝑢̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑢̃

𝜕𝑦
+ 𝑤̃  

𝜕𝑢̃

𝜕𝑧
),     (3.10) 

( 𝜇 +  𝜅) (
𝜕2𝑣̃

𝜕𝑥2 +
𝜕2𝑣̃

𝜕𝑦2 + 
𝜕2𝑣̃

𝜕𝑧2) + 𝜅 (
𝜕𝑁̃1

𝜕𝑧
−

𝜕𝑁̃3

𝜕𝑥
) − 

𝜕𝑃

𝜕𝑦
+ 𝜌𝑓𝑦               

 =  𝜌 (𝑢̃  
𝜕𝑣̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑣̃

𝜕𝑦
+ 𝑤̃

𝜕𝑣̃

𝜕𝑧
),   (3.11) 

( 𝜇 +  𝜅) (
𝜕2𝑤̃

𝜕𝑥2
+

𝜕2𝑤̃

𝜕𝑦2
+ 

𝜕2𝑤̃

𝜕𝑧2
) + 𝜅 (

𝜕𝑁̃2

𝜕𝑥
−

𝜕𝑁̃1

𝜕𝑦
) − 

𝜕𝑃

𝜕𝑧
+  𝜌𝑓𝑧 

                                                                                    =  𝜌 (𝑢̃  
𝜕𝑤̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑤̃

𝜕𝑦
+ 𝑤̃  

𝜕𝑤̃

𝜕𝑧
),   (3.12) 
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(𝛼 + 𝛽 + 𝛾)(
𝜕

𝜕𝑥
(
𝜕𝑁̃1

𝜕𝑥
+ 

𝜕𝑁̃2

𝜕𝑦
+ 

𝜕𝑁̃3

𝜕𝑧
)) +  𝜅 (

𝜕𝑤̃

𝜕𝑦
−

𝜕𝑣̃

𝜕𝑧
) − 2𝜅𝑁̃1

−  𝛾 (
𝜕

𝜕𝑥
(
𝜕𝑁̃1

𝜕𝑥
+ 

𝜕𝑁̃2

𝜕𝑦
+ 

𝜕𝑁̃3

𝜕𝑧
) − (

𝜕2𝑁̃1

𝜕𝑥2
+

𝜕2𝑁̃1

𝜕𝑦2
+ 

𝜕2𝑁̃1

𝜕𝑧2
) )   

      =  𝜌𝑗 (𝑢̃  
𝜕𝑁̃1

𝜕𝑥
+ 𝑣̃  

𝜕𝑁̃1

𝜕𝑦
+ 𝑤̃  

𝜕𝑁̃1

𝜕𝑧
),        (3.13) 

(𝛼 + 𝛽 + 𝛾)(
𝜕

𝜕𝑦
(
𝜕𝑁̃ 1
𝜕𝑥

+ 
𝜕𝑁̃ 2
𝜕𝑦

+ 
𝜕𝑁̃ 3
𝜕𝑧

)) +  𝜅 (
𝜕𝑢̃

𝜕𝑧
−

𝜕𝑤̃

𝜕𝑥
) − 2𝜅𝑁̃ 2

−  𝛾 (
𝜕

𝜕𝑦
(
𝜕𝑁̃ 1
𝜕𝑥

+ 
𝜕𝑁̃ 2
𝜕𝑦

+ 
𝜕𝑁̃ 3
𝜕𝑧

) − (
𝜕2𝑁̃ 2
𝜕𝑥2

+
𝜕2𝑁̃ 2
𝜕𝑦2

+ 
𝜕2𝑁̃ 2
𝜕𝑧2

) ) 

                                                                          =  𝜌𝑗 (𝑢̃  
𝜕𝑁̃2

𝜕𝑥
+ 𝑣̃  

𝜕𝑁̃ 2
𝜕𝑦

+ 𝑤̃  
𝜕𝑁̃ 2
𝜕𝑧

),       (3.14) 

(𝛼 + 𝛽 + 𝛾)(
𝜕

𝜕𝑧
(
𝜕𝑁̃ 1
𝜕𝑥

+ 
𝜕𝑁̃ 2
𝜕𝑦

+ 
𝜕𝑁̃ 3
𝜕𝑧

)) +  𝜅 (
𝜕𝑣̃

𝜕𝑥
−

𝜕𝑢̃

𝜕𝑦
) − 2𝜅𝑁̃ 3

−  𝛾 (
𝜕

𝜕𝑧
(
𝜕𝑁̃ 1
𝜕𝑥

+ 
𝜕𝑁̃ 2
𝜕𝑦

+ 
𝜕𝑁̃ 3
𝜕𝑧

) − (
𝜕2𝑁̃ 3
𝜕𝑥2

+
𝜕2𝑁̃ 3
𝜕𝑦2

+ 
𝜕2𝑁̃ 3
𝜕𝑧2

) ) 

=  𝜌𝑗 (𝑢̃  
𝜕𝑁̃ 3
𝜕𝑥

+ 𝑣̃  
𝜕𝑁̃ 3
𝜕𝑦

+ 𝑤̃  
𝜕𝑁̃ 3
𝜕𝑧

),     (3.15) 

𝜌𝐶𝑝 ( 𝑢̃
𝜕𝑇̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑇̃

𝜕𝑦
+ 𝑤̃

𝜕𝑇̃

𝜕𝑧
) =  𝑘 (

𝜕2𝑇̃

𝜕𝑥2
+

𝜕2𝑇̃

𝜕𝑦2
+

𝜕2𝑇̃

𝜕𝑧2
),                (3.16) 

𝑢̃
𝜕𝐶̃

𝜕𝑥
+ 𝑣̃

𝜕𝐶̃

𝜕𝑦
=  𝐷𝐵

𝜕2𝐶̃

𝜕𝑦2
+

𝐷𝑇

𝑇∞

𝜕2𝑇̃

𝜕𝑦2
 ,       (3.17) 

By selecting velocity field of the form: 

 𝑉̃ =  [𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦), 0],        (3.18) 

 The following boundary layer approximations are employed to get the boundary layer 

equations. 
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𝑥̃ =  
𝑥∗

𝐿
 , 𝑦̃ =  

𝑦∗

𝛿
  , 𝑢̃ =

𝑢

𝑈
 , 𝑣̃ =  

𝑣𝐿

𝑈𝛿
 , 𝑃̃ =  

𝑝∗

𝜌𝑈2  , 𝑡 =  
𝑡∗𝑈

𝐿
 , 𝑁̃ =

𝑁

𝑈
 ,                                   (3.19)   

Now, using velocity field (3.18) and the boundary layer approximations (3.19) in equations 

(3.9) to (3.17). Continuity equation holds and by neglecting body forces nonlinear partial 

differential equations of momentum, the angular momentum yield (3.20) to (3.24) and so 

there is no change in pressure across the boundary layer. Also, it implies that P̃ is just a 

function of x. The inviscid flow beyond the boundary layer alone determines the pressure 

forces acting on a body.  

𝜕𝑢̃

𝜕𝑥
+ 

𝜕𝑣̃

𝜕𝑦
= 0,                (3.20) 

𝜌 (𝑢̃   
𝜕𝑢

𝜕𝑥
+ 𝑣̃  

𝜕𝑢

𝜕𝑦
) =   ( 𝜇 +  𝜅) (

𝜕2𝑢

𝜕𝑦2) + 𝜅 (
𝜕𝑁̃

𝜕𝑦
) −  𝜎𝐵0

2 𝑢̃,        (3.21) 

𝜌𝑗 (𝑢̃  
𝜕𝑁̃

𝜕𝑥
+ 𝑣̃

𝜕𝑁̃

𝜕𝑦
) =    𝛾

𝜕2𝑁̃

𝜕𝑥2 +  𝜅 (
𝜕𝑁̃

𝜕𝑦
+  2𝑁̃),         (3.22) 

𝜌𝐶𝑝 ( 𝑢̃
𝜕𝑇̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑇̃

𝜕𝑦
) =  𝑘 (

𝜕2𝑇̃

𝜕𝑦2) + ( 𝜇 +  𝜅) (
𝜕𝑢

𝜕𝑦
)
2

+ 𝜎𝐵0
2 𝑢̃2 + 

(𝜌𝐶𝑝)𝑝

(𝜌𝐶𝑝)𝑓
[𝐷𝐵

𝜕𝐶

𝜕𝑦

𝜕𝑇̃

𝜕𝑦
 +  

𝐷𝑇

𝐷𝐵
 (

𝜕𝑇̃

𝜕𝑦
)
2

],    (3.23) 

𝑢̃  
𝜕𝐶̃

𝜕𝑥
+ 𝑣̃

𝜕𝐶̃

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶̃

𝜕𝑥2 + 
𝐷𝑇

𝑇∞

𝜕2𝑇̃

𝜕𝑦2 ,            (3.24) 

The associated BCs of equation (3.20) to (3.24) are: 

𝑢̃ =  𝑣̃𝑤 = 𝑏𝑥∗, 𝑣̃ = 0,   𝑁̃ = 0,   𝑇̃ =  𝑇̃𝑤, 𝐶̃ =  𝐶̃𝑤 ,     𝑎𝑡   𝑦̃ = 0                                  (3.25a) 

𝑢̃ =  0, 𝑁̃ = 0, 𝑇̃ =  𝑇̃∞  , 𝐶̃ =  𝐶̃∞  ,                               𝑎𝑠   𝑦̃  →  ∞     (3.25b) 

Converting the governed PDE’s (3.20), (3.21), (3.22), (3.23) and (3.24) into 

dimensionless non-linear ODE’s, the similarity variables mentioned below are utilized 

to convert the equation system: 

𝜂̃ =  √𝑏
𝜈𝑓

⁄  𝑦̃ , 𝑢̃ = 𝑏𝑥̃ 𝑓′(𝜂), 𝑣̃ =  − √𝑏𝑣𝑓𝑓(𝜂),  𝑁̃ =  √𝑏3
𝑣𝑓

⁄ 𝑥̃𝑔(𝜂),    (3.26a) 
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𝜃̃(𝜂) =  
𝑇̃−𝑇̃∞

𝑇̃𝑤−𝑇̃∞
 ,  𝑇̃ =  𝑇̃∞ + 𝐴𝑥̃𝜃(𝜂),  𝜙̃(𝜂) =  

𝐶̃−𝐶̃∞

𝐶̃𝑤−𝐶̃∞
 ,  𝐶̃ =  𝐶̃∞ + 𝐵𝑥̃𝜙(𝜂), (3.26b) 

The velocity components from the stream function 𝜓 (𝑥, 𝑦) will be  

𝑢̃=  𝜓̃𝑦  ,    𝑣̃= − 𝜓̃𝑥.          (3.26c) 

Applying similarity transformations (3.26a) and (3.26b) it satisfies continuity equation 

and the equations (3.21), (3.22), (3.23) and (3.24) takes the following form; 

(1 + 𝐾)𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 + 𝐾𝑔′ − 𝑀𝑓′ = 0,     (3.27) 

(1 + 𝐾/2)𝑔′′ + 𝑓𝑔′ − 𝑓′𝑔 − 𝐾(2𝑔 + 𝑓′′) = 0,      (3.28) 

𝜃′′ + 𝑃𝑟𝑓𝜃′ + (1 + 𝐾)𝑃𝑟𝐸𝑐𝑓′′2 + 𝑃𝑟𝐸𝑐𝑀𝑓′2 + 𝑃𝑟𝑁𝑏𝜃′𝜙′ + 𝑃𝑟𝑁𝑡𝜃′2 = 0,  (3.29) 

𝜙′′ + 𝑆𝑐𝑓𝜙′ − 𝑆𝑐𝑓′𝜙 + 
𝑁𝑡

𝑁𝑏
 𝜃′′ =  0,      (3.30) 

Where, 

𝐾 =  
𝜅

𝜇
 ,       𝑃𝑟 =  

𝑐𝑝𝜇

𝑘∞
 ,         𝑀 =  

𝜎𝐵0
2

𝜌𝑏
 ,     𝐸𝑐 =  

𝑢̃𝑤
2

𝑐𝜌 (𝑇̃𝑤−𝑇̃∞)
  

 𝑁𝑏 = 
(𝜌𝐶𝑝)𝑝 𝐷𝐵 (𝐶̃𝑤−𝐶̃∞)

(𝜌𝐶𝑝)𝑓  𝜈𝑓
,         𝑁𝑡 = 

(𝜌𝐶𝑝)𝑝 𝐷𝑇 (𝑇̃𝑤−𝑇̃∞)

(𝜌𝐶𝑝)𝑓  𝜈𝑓  𝑇̃∞

 

Boundary conditions take the following form: 

𝑓(𝜂 = 0) = 0,   𝑓′(𝜂 = 0) = 𝜃(𝜂 = 0) = 𝜙(𝜂 = 0) = 1    (3.31a) 

𝑓′(𝜂 → ∞) = 𝑔(𝜂 → ∞) = 𝜃(𝜂 → ∞) = 𝜙(𝜂 → ∞) = 0  

  (3.31b) 

The flux at the surface is given by 

𝑞̃𝑤(𝑥) =  − 𝑘𝑓 (
𝜕𝑇̃

𝜕𝑦
)
𝑦=0

=  − 𝑘𝑓(𝑇̃𝑤 − 𝑇̃∞)√
𝑏

𝜈𝑓
𝜃′(0),    (3.32)                  

By using eq (3.26a) and (3.26b), simplifying we get 
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𝜏̃𝑤 = (𝑘 + 𝜇)𝑓𝑏𝑥̃√
𝑏

𝜈𝑓
 𝑓′′(0), (3.33)                  

Make use of 𝑢̃𝑤 = b𝑥̃, the definition of skin friction coefficient 𝐶𝑓 as a characteristic velocity 

is 

𝑐𝑓 =  
𝜏̃𝑤

𝜌𝑓𝑢̃𝑤
2  ,          (3.34) 

Putting Eq. (3.26a) and (3.26 b) into Eq. (3.32) and (3.33), we get 

𝐶𝑓√𝑅̃𝑒𝑤 = (1 + 𝐾̃) |𝑓′′(0)|,        (3.35) 

Where local Reynolds number is. 

𝑅𝑒𝑤 =
𝑏𝑥̃2

𝜈𝑓
 , 

Couple stress at the surface is expressed as: 

𝑀̃𝑤 = 𝛾 (𝑇̃𝑦)
𝑦=0

=  𝜌𝑓𝑏𝑢̃𝑤 (1 + 
𝐾

2
) |𝑔′(0)| ,     (3.36) 

ℎ̃𝑥 = 
𝑞̃𝑤(𝑥)

(𝑇̃𝑤−𝑇̃∞)
 ,         (3.37) 

The local Nusselt number may be expressed as 

𝑁𝑢𝑥 =  
𝑥̃ℎ̃(𝑥)

𝑘𝑓
= − √

𝑏

𝜈𝑓
 𝑥̃𝜃′(0),       (3.38) 

Or  

𝑁̃𝑢𝑥

√𝑅𝑒𝑤
= − 𝜃′(0),         (3.39) 

Sherwood number can be written as 

𝑆̃ℎ𝑥 =  − √
𝑏

𝑣𝑓 
𝑥̃𝜙′(0),        (3.40) 

Or    
𝑆̃ℎ𝑥

√𝑅𝑒𝑤
=  − 𝜙′(0),        (3.41) 
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3.2   Methodology 

 

  Numerically solving the non-linear differential equations along with BC’s utilizing 

the built-in bvp4c approach after conversion of the given PDEs to the first order ODEs. We 

consider:  

𝑓 =  𝑦1,                        𝑔 = 𝑦4                              𝜃 =  𝑦6,             𝜙 = 𝑦8, 

𝑓′ = 𝑦2,                      𝑔′ = 𝑦5                              𝜃′ = 𝑦7,              𝜙
′ = 𝑦9, 

𝑓′′ = 𝑦3,                    𝑔′′ = 𝑦11                            𝜃′′ = 𝑦12,           𝜙
′′ = 𝑦13, 

𝑓′′′ = 𝑦10, 

𝐸𝑞(3.27) ⇒  (1 + 𝐾)𝑦10 + 𝑦1𝑦2 − 𝑦2
2 + 𝐾𝑦5 − 𝑀𝑦2 = 0, 

⇒ 𝑦10 = (
−𝑦1𝑦2+𝑦2

2−𝐾𝑦5+𝑀𝑦2

1+𝐾
),      (3.42) 

𝐸𝑞(3.28) ⇒ (1 +
𝐾

2
)𝑦11 + 𝑦1𝑦5 − 𝑦2𝑦4 − 𝐾(2𝑦4 + 𝑦3) = 0, 

⇒ 𝑦11 =  2 (
−𝑦1𝑦5+𝑦2𝑦4+𝐾(2𝑦4+𝑦3 )

2+𝐾
),      (3.43) 

𝐸𝑞(3.29) ⟹ 𝑦12 + 𝑃𝑟𝑦1𝑦7 + (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 + 𝑃𝑟𝐸𝑐𝑀𝑦2

2 + 𝑃𝑟𝑁𝑏𝑦7𝑦9 = 0, 

⟹ 𝑦12 = −𝑃𝑟𝑦1𝑦7 − (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 − 𝑃𝑟𝐸𝑐𝑀𝑦2

2 − 𝑃𝑟𝑁𝑏𝑦7𝑦9,   (3.44) 

  𝐸𝑞(3.30) ⟹  𝑦13 + 𝑆𝑐𝑦1𝑦9 − 𝑆𝑐𝑦2𝑦8 +
𝑁𝑡

𝑁𝑏
𝑦12 = 0, 

                         ⇒ 𝑦13 = −𝑆𝑐𝑦1𝑦9 +  𝑆𝑐𝑦2𝑦8 − 
𝑁𝑡

𝑁𝑏
𝑦12,     (3.45) 
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⟹

[
 
 
 
 
 
 
 
 
 
 

𝑓′

𝑓′′

𝑓′′

𝑓′′′

𝑔′

𝑔′′

𝜃′

𝜃′′

𝜙

  𝜙′′]
 
 
 
 
 
 
 
 
 
 

  =    

[
 
 
 
 
 
 
 
 
𝑦2

𝑦3

𝑦10

𝑦5

𝑦11

𝑦7

𝑦12

𝑦9

 𝑦13]
 
 
 
 
 
 
 
 

   

[
 
 
 
 
 
 
 
 
 
 
 
 

𝑦2

𝑦3

(
−𝑦1𝑦2 + 𝑦2

2 − 𝐾𝑦5 + 𝑀𝑦2

1 + 𝐾
)

𝑦5

 2 (
−𝑦1𝑦5 + 𝑦2𝑦4 + 𝐾(2𝑦4 + 𝑦3 )

2 + 𝐾
)

𝑦11

          −𝑃𝑟𝑦1𝑦7 − (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 − 𝑃𝑟𝐸𝑐𝑀𝑦2

2 − 𝑃𝑟𝑁𝑏𝑦7𝑦9

𝑦9

−𝑆𝑐𝑦1𝑦9 +  𝑆𝑐𝑦2𝑦8 − 
𝑁𝑡

𝑁𝑏
𝑦12

      

]
 
 
 
 
 
 
 
 
 
 
 
 

 

 

3.3   Results and discussion 

 

 Examining the influence of dimensionless characteristics such as the Eckert number 

(Ec), material number (K), Prandtl number (Pr), magnetic number (M), thermophoresis 

parameter (Nt), Schmidt number (Sc) and Brownian motion number (Nb) is primary goal for 

this section. In this work, the concept of boundary layer is used to get a group of coupled 

momentum, energy, angular momentum and concentration equations in order to evaluate the 

flow, temperature, and concentration fields of the flow. A similarity transformation method 

is using for the transformation of the nonlinear coupled PDEs to a group of nonlinear coupled 

ODEs. 

 Figures (2) – (5) depicts the impacts of a magnetic number upon temperature 

distribution, concentration, angular velocity distribution, and velocity distribution. Figure (2) 

delineate impact of magnetic field parameter (M) upon velocity distributions. It is apparent, 

due to increased magnetic field, velocity has been declined. It is because of the fact that the 

drag force also referred as Lorentz force, appears when magnetic fields are used to the fluid. 

This force has the tendency to slow the fluid velocity in the boundary layer. Figure (3) 
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illustrate impact of magnetic field parameter (M) upon angular velocity distributions. It is 

clear that, due to increased magnetic field, angular velocity has been reduced. Dimensionless 

temperature distributions are shown in Figure (4). The curves demonstrate that when the 

magnetic numbers are increasing, the dimensionless temperature profile also increases. 

Figure (5) illustrate impact of magnetic field parameter (M) upon concentration distributions. 

It is evident, due to increased magnetic field, concentration distributions have been declined. 

 Figures (6) – (9) depict the effects of a material parameter upon temperature, 

concentration and angular velocity. Figure (6) delineates the influence of material parameters 

upon velocity distribution. This is evident that an increased in material parameter as a result 

the dimensionless velocity distribution are higher. Figure (7) illustrate the influence of 

material parameters upon velocity distribution. This is clear that an increased in material 

parameter as a result the angular velocity distribution are higher. Figure (8) elucidate that 

temperature is affected by material parameters. It is clear that as a material parameters value 

increased, the temperature distribution decreased. Figure (9) delineate the concentration 

distributions from the curves it is visible that the material parameters increased as a result the 

dimensionless concentration distribution are lower. 

 Figure (10) depicts the effects of the Prandtl number upon the dimensionless 

concentration distributions from curves depict that the Prandtl number increased as a result 

the dimensionless temperature distribution is reduced. Figure (11) demonstrates the Eckert 

numbers effects on temperature. It is clear from the graphs that as the Eckert numbers rise, 

temperature decreases. Figure (12) illustrate that the dimensionless concentration 

distributions are decreasing and the Schmidt numbers have increased. Figure (13) describe 

that a thermophoresis parameter effects on concentration. The rise in the thermophoresis 
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parameter is attributed to rise in concentration profile. Figure (14) describe that a 

thermophoresis parameter effects on concentration. It is explicitly stated that the 

concentration distributions are decreasing and the Brownian motion parameter is increasing. 
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Figure 2.  Velocity profile for magnetic number M. 

Figure 3. Angular velocity profile for magnetic number M. 
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Figure 4. Temperature profile for Magnetic number M. 

 

Figure 5. Concentration profile for magnetic number M. 
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Figure 6. Effects of material number K on Velocity profile. 

Figure 7. Effects of material number K on Angular velocity profile. 
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Figure 8. Effects of material number K on Temperature profile. 

     
                    Figure 9. Effects of material number K on Concentration profile. 
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Figure 10. Effects of Prandtl number Pr on Temperature profile. 

     
      Figure 11. Effects of Eckert number Ec on Temperature profile. 
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Figure 12. Variation of Sc on Concentration profile. 

Figure 13. Variation of Nt on Concentration profile. 
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Figure 14. Variation of Nb on Concentration profile. 
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CHAPTER 4 

 

 

MICROPOLAR FLUID FLOW WITH ZERO MASS FLUX OF 

NANOPARTICLES IN A POROUS MEDIUM 
 

 

This chapter is continuation of the previous chapter by adding some new effects and 

constraints. There has been a comprehensive investigation of heat transfers of Micropolar by 

considering porous medium and heat absorption. Subsequently, mathematical formulation 

was modeled using boundary conditions. Using similarity variables, for a formal formulation, 

all PDEs for such governing equations of momentum, energy, angular momentum and 

concentration are converted into nonlinear ODEs. At the end, nonlinear ODEs are solved by 

using MATLAB to get closed solution. 

4.1   Mathematical Formulation of the problem 

 

 In this problem, we are considering cartesian coordinate system with a moving 

surface incompressible, stationary, two-dimensional, micropolar, and nano-fluid laminar 

flow. The governing equations that represent boundary layer flow for equations of continuity, 

momentum, angular momentum, energy, and concentration can be defined by using the 

approximate boundary conditions: 
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Figure 15. Geometry of problem 

 

𝜕𝑢̃

𝜕𝑥
 +  

𝜕𝑣̃

𝜕𝑦
 = 0,          (4.1) 

𝜌 (𝑢̃   
𝜕𝑢̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑢̃

𝜕𝑦
) = ( 𝜇 +  𝜅) (

𝜕2𝑢̃

𝜕𝑦2
) + 𝜅 (

𝜕𝑁̃

𝜕𝑦
) − 𝜎𝐵0

2 𝑢̃ +
𝜈

𝜅
𝑢̃  

       ±𝑔[𝛽𝑇(𝑇 − 𝑇∞) + 𝛽𝑐(𝐶 − 𝐶∞)],     

           (4.2) 

𝜌𝑗 (𝑢̃  
𝜕𝑁̃

𝜕𝑥
+ 𝑣̃

𝜕𝑁̃

𝜕𝑦
) =    𝛾

𝜕2𝑁̃

𝜕𝑥2 +  𝜅 (
𝜕𝑁̃

𝜕𝑦
+  2𝑁̃),      (4.3) 

𝜌𝐶𝑝 ( 𝑢̃
𝜕𝑇̃

𝜕𝑥
+ 𝑣̃  

𝜕𝑇̃

𝜕𝑦
) =  𝑘 (

𝜕2𝑇̃

𝜕𝑦2) + ( 𝜇 +  𝜅) (
𝜕𝑢

𝜕𝑦
)
2

+  𝜎𝐵0
2 𝑢̃2 + 

(𝜌𝐶𝑝)𝑝

(𝜌𝐶𝑝)𝑓
[𝐷𝐵

𝜕𝐶

𝜕𝑦

𝜕𝑇̃

𝜕𝑦
 +

                                                                                                
𝐷𝑇

𝐷𝐵
 (

𝜕𝑇̃

𝜕𝑦
)
2

 ]  +  
𝑄0

𝜌𝐶𝑝
(𝑇̅ − 𝑇̅∞),  (4.4)  

𝑢̃
𝜕𝐶̃

𝜕𝑥
+ 𝑣̃

𝜕𝐶̃

𝜕𝑦
=  𝐷𝐵

𝜕2𝐶̃

𝜕𝑦2 +
𝐷𝑇

𝑇∞

𝜕2𝑇̃

𝜕𝑦2  ,        (4.5) 
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Boundary conditions take the following way: 

𝑢̃ = 𝑏𝑥 + 𝐿
𝜕𝑢

𝜕𝑦
, 𝑣̃ = 0,    𝑁̃ = 0,    𝑇̃ =  𝑇̃𝑤,   𝐶̃ =  𝐶̃𝑤 ,      𝑎𝑠   𝑦̃ = 0                (4.6a) 

𝑢̃ =  0,  𝑁̃ = 0,   𝑇̃ =  𝑇̃∞  ,   𝐶̃ =  𝐶̃∞  ,                                  𝑎𝑠   𝑦̃ →  ∞                         (4.6b) 

By introducing the similarity transformation: 

𝜂̃ =  √𝑏
𝜈𝑓

⁄  𝑦̃ , 𝑢̃ = 𝑏𝑥̃ 𝑓′(𝜂), 𝑣̃ =  − √𝑏𝑣𝑓𝑓(𝜂),  𝑁̃ =  √𝑏3
𝑣𝑓

⁄ 𝑥̃𝑔(𝜂),   (4.7a) 

𝜃̃(𝜂) =  
𝑇̃−𝑇̃∞

𝑇̃𝑤−𝑇̃∞
 ,  𝑇̃ =  𝑇̃∞ + 𝐴𝑥̃𝜃(𝜂),  𝜙̃(𝜂) =  

𝐶̃−𝐶̃∞

𝐶̃𝑤−𝐶̃∞
 ,  𝐶̃ =  𝐶̃∞ + 𝐵𝑥̃𝜙(𝜂),  (4.7b) 

Stream function ψ can be expressed as: 

𝑢̃=  𝜓̃𝑦  ,    𝑣̃=  − 𝜓̃𝑥 .         (4.7c) 

Making use of these transformations, identically continuity equation is satisfied and equation  

(4.2 – 4.5) along with the conditions on boundary (4.7a) and (4.7𝑏) takes the following 

expressions: 

(1 + 𝐾)𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 + 𝐾𝑔′ − 𝑀𝑓′ +
1

𝐷𝑎
𝑓′ ± 𝐺𝑟1𝜃 ± 𝐺𝑟2𝜙 = 0,  (4.8) 

(1 + 𝐾/2)𝑔′′ + 𝑓𝑔′ − 𝑓′𝑔 − 𝐾(2𝑔 + 𝑓′′)  =  0,      (4.9) 

𝜃′′ + 𝑃𝑟𝑓𝜃′ − 𝑃𝑟𝑓′𝜃 + (1 + 𝐾)𝑃𝑟𝐸𝑐𝑓′′2 + 𝑃𝑟𝐸𝑐𝑀𝑓′2 + 𝑃𝑟𝑁𝑏𝜃′∅′ + 𝑃𝑟𝑁𝑡𝜃′2 +

                                                                                                                         𝑃𝑟𝑄𝜃  = 0,       (4.10)  

𝜙′′ + 𝑆𝑐𝑓𝜙′ − 𝑆𝑐𝑓′𝜙 + 
𝑁𝑡

𝑁𝑏
 𝜃′′ =  0,      (4.11) 

Where, 

𝐺𝑟1 =
𝐺𝑟

𝑅𝑒𝑥
2  is the thermal buoyancy parameter and 𝐺𝑟2 =

𝐺𝑐

𝑅𝑒𝑥
2 is the buoyancy parameter. 

𝐺𝑟 =
𝑔𝛽𝑡 (𝑇̃𝑤− 𝑇̃∞) 𝑥3

𝜈2
  is the local Grashof number and  𝐺𝑐 =

𝑔𝛽𝑐 (𝐶̃𝑤− 𝐶̃∞) 𝑥3

𝜈2
 is the local 

solutal Grashof number.  
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𝐷𝑎 =
𝜅𝑏

𝜈
,   𝑄 =

𝑄0

𝑘𝑓(𝜌𝑐𝑝)𝑓𝑏
 ,   𝐾 =  

𝜅

𝜇
 ,       𝑃𝑟 =  

𝑐𝑝𝜇

𝜅
 ,     𝑀 =  

𝜎𝐵0
2

𝜌𝑏
 ,  𝐸𝑐 =  

𝑢2

𝑐𝜌(𝑇̃𝑤−𝑇̃∞)
 ,  

 𝑁𝑏 =  
(𝜌𝐶𝑝)𝑝 𝐷𝐵 (𝐶̃𝑤−𝐶̃∞)

(𝜌𝐶𝑝)𝑓 𝜈𝑓
,        𝑁𝑡 =  

(𝜌𝐶𝑝)𝑝 𝐷𝑇 (𝑇̃𝑤−𝑇̃∞)

(𝜌𝐶𝑝)𝑓 𝜈𝑓  𝑇̃∞

 

By using similarity transformations (4.7a) and (4.7b), Conditions (4.6a) and (4.6b) takes the 

following form: 

𝑓(𝜂) = 0,   𝑓′(𝜂) = 1 + 𝑠𝑓′′(𝜂), 𝜃(𝜂) = 𝜙(𝜂) = 1               𝑎𝑡   𝜂 = 0   (4.12a) 

𝑓′(𝜂) = 𝑔(𝜂) = 𝜃(𝜂) = 𝜙(𝜂) = 0                                               𝑎𝑠  𝜂 → ∞    (4.12b) 

Surface flux is defined by: 

𝑞̃𝑤(𝑥) =  − 𝑘𝑓 (
𝜕𝑇̃

𝜕𝑦
)
𝑦=0

=  − 𝑘𝑓(𝑇̃𝑤 − 𝑇̃∞)√
𝑏

𝜈𝑓
𝜃′(0),    (4.13) 

The surface heat flux transfer coefficient can be expressed as: 

ℎ̃(𝑥) =
𝑞̃𝑤(𝑥)

(𝑇̃𝑤 −𝑇̃∞)
 ,         (4.14)  

𝜏̃𝑤 = (𝑘 + 𝜇)𝑓𝑏𝑥̃√
𝑏

𝜈𝑓
 𝑓′′(0),        (4.15) 

The physical quantities of interest are skin friction coefficient, the local Nusselt number, 

and the local Sherwood number, which are defined by 

𝐶𝑓 =  
𝜏̃𝑤

𝜌𝑓𝑢̃𝑤
2

 

Putting Eq. (4.7a) and (4.7 b) into Eq. (4.13) and (4.15), we get 

𝐶𝑓√𝑅̃𝑒𝑤 = (1 + 𝐾̃) |𝑓′′(0)|,         (4.16)  

Nusselt number can be defined by 

𝑁𝑢𝑥 =
𝑥̃ℎ̃(𝑥)

𝑘𝑓(𝑇̃𝑤−𝑇̃∞)
  , 

or 

 𝑁̃𝑢𝑥 =  
𝑥̃ℎ̃(𝑥)

𝑘𝑓
= − √

𝑏

𝜈𝑓
𝑥̃𝜃′(0),        (4.17)  
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or 

𝑁̃𝑢𝑥

√𝑅𝑒𝑤
= − 𝜃′(0) , 

Sherwood number can be defined as 

𝑆̃ℎ𝑥 =  − √
𝑏

𝑣𝑓 
𝑥̃𝜙′(0),          (4.18) 

or  

𝑆̃ℎ𝑥

√𝑅𝑒𝑤
=  − 𝜙′(0),  
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4.2   Methodology 

 

By employing the built-in bvp4c approach after conversion of the given PDEs to the first 

order ODEs using MATLAB program for the solution, Consider:  

𝑓 =  𝑦1,                        𝑔 = 𝑦4                              𝜃 =  𝑦6,             𝜙 = 𝑦8, 

𝑓′ = 𝑦2,                      𝑔′ = 𝑦5                              𝜃′ = 𝑦7,              𝜙
′ = 𝑦9,         

𝑓′′ = 𝑦3,                    𝑔′′ = 𝑦11                            𝜃′′ = 𝑦12,           𝜙
′′ = 𝑦13, 

𝑓′′′ = 𝑦10, 

𝐸𝑞(4.8) ⟹ (1 + 𝐾)𝑦10 + 𝑦1𝑦2 − 𝑦2
2 + 𝐾𝑦5 − 𝑀𝑦2 +

1

𝐷𝑎
𝑦2 ± 𝐺𝑟1𝑦6 ± 𝐺𝑟2𝑦8  = 0, 

                ⇒ 𝑦10 =
1

1+𝐾
[−𝑦1𝑦2 + 𝑦2

2 − 𝐾𝑦5 + 𝑀𝑦2 −
1

𝐷𝑎
𝑦2 ± 𝐺𝑟1𝑦6 ± 𝐺𝑟2𝑦8], (4.19) 

𝐸𝑞(4.9) ⟹ (1 +
𝐾

2
)𝑦11 + 𝑦1𝑦5 − 𝑦2𝑦4 − 𝐾(2𝑦4 + 𝑦3) = 0, 

               ⇒ 𝑦11 = 2(
−𝑦1𝑦5+𝑦2𝑦4+𝐾(2𝑦4+𝑦3 )

2+𝐾
),      (4.20) 

𝐸𝑞(4.10) ⟹ 𝑦12 + 𝑃𝑟𝑦1𝑦7 + (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 + 𝑃𝑟𝐸𝑐𝑀𝑦2

2 + 𝑃𝑟𝑁𝑏𝑦7𝑦9 + 𝑃𝑟𝑁𝑡𝑦7
2 +

                                                                                                                                            𝑃𝑟𝑄𝑦6 = 0,  

      ⟹ 𝑦12 = −𝑃𝑟𝑦1𝑦7 − (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 − 𝑃𝑟𝐸𝑐𝑀𝑦2

2 − 𝑃𝑟𝑁𝑏𝑦7𝑦9 −  𝑃𝑟𝑁𝑡𝑦7
2  

              -𝑃𝑟𝑄𝑦6,  (4.21) 

𝐸𝑞(4.11) ⟹   𝑦13 + 𝑆𝑐𝑦1𝑦9 − 𝑆𝑐𝑦2𝑦8 +
𝑁𝑡

𝑁𝑏
𝑦12 = 0 

               ⇒ 𝑦13 = −𝑆𝑐𝑦1𝑦9 +  𝑆𝑐𝑦2𝑦8 − 
𝑁𝑡

𝑁𝑏
𝑦12,      (4.22) 
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𝑦2

𝑦3

(
−𝑦1𝑦2 + 𝑦2

2 − 𝐾𝑦5 + 𝑀𝑦2 −
1
𝐷𝑎

𝑦2 ± 𝐺𝑟1𝑦6 ± 𝐺𝑟2𝑦8

1 + 𝐾
)

𝑦5

2 (
−𝑦1𝑦5 + 𝑦2𝑦4 + 𝐾(2𝑦4 + 𝑦3 )

2 + 𝐾
)

𝑦11

−𝑃𝑟𝑦1𝑦7 − (1 + 𝐾)𝑃𝑟𝐸𝑐𝑦3
2 − 𝑃𝑟𝐸𝑐𝑀𝑦2

2 − 𝑃𝑟𝑁𝑏𝑦7𝑦9  −  𝑃𝑟𝑁𝑡𝑦7
2  − 𝑃𝑟𝑄𝑦6

𝑦9

−𝑆𝑐𝑦1𝑦9 +  𝑆𝑐𝑦2𝑦8 − 
𝑁𝑡

𝑁𝑏

𝑦12

  

]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

4.3   Results and discussion 

 

 For the sake of require results for the above boundary value problems. We first 

transformed all the PDEs of momentum, angular momentum, energy and concentration into 

non-linear ODEs by similarity transformation with their corresponding boundary conditions. 

One very interesting behavior is observed that the energy equation is being transformed into 

two cases. The first solution associated with positive (+) part of the eq. (4.8) represents 

assisting flow while second solution associated with negative (−) part of eq. (4.8) represents 

opposing flow. The results of these two cases are shown in graphs where solid line indicates 

assisting flow while dotted lines indicates opposing flow. The effects are apparent for all 

physical parameters involved and the nonlinear ODEs are illustrated to velocity profile, 

temperature profile, angular velocity profile, and concentration profiles. The impacts for 

some of parameters are seen in graphs where the arrows in the figure indicates the increasing 

and decreasing in assisting flow and opposing flow.  

 Figures (16) – (19) demonstrate the fluctuation of velocity profile, angular velocity 

profile, temperature profile and concentration profiles variation on magnetic parameter for 
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both assisting and opposing flow. Figure (16) demonstrates that Lorentz force, which 

decreases the velocity profile for both assisting and opposing flows, causes resistance in the 

path of fluid flow as a result of the influence of the magnetic field. The impact of magnetic 

number on angular velocity is seen in Figure (17). This is evident that by larger values of 

magnetic number may lower angular velocity profile for both assisting and opposing flows. 

In Figure (18) It has been observed that increasing values of M corresponding to increasing 

temperature distributions. Higher values of M produce a resistive type of force on the motion, 

reacting in the reverse direction of motion and decreasing the velocity field as a result. The 

fluid motion simultaneously produced some thermal energy, increasing the fluid temperature 

for assisting and opposing flows. Figure (19) illustrate the effect of magnetic number on 

concentration profile and variation in magnetic number may affect both solutions as a result 

concentration profile is observed to decrease as M rises. 

 Figures (20) – (23) Show that changes in the material parameter cause changes in 

the velocity profile, angular velocity profile, temperature profile, and concentration profile. 

Figure (20) and (21) illustrates that K varies with velocity and angular velocity profile, 

respectively. As a result, angular velocity and velocity are increased for assisting and 

opposing flows and Figure (22) and (23) shows the reverse behavior. The temperature profile 

and concentration profile decrease as K increases. 

 Figure (24) shows the fluctuation of the temperature profile is examined for Prandtl 

numbers. The curves clearly show the increase in Pr causes a lower in temperature. Figure 

(25) demonstrates that raising Eckert number Ec leads into a decline in temperature on both 

assisting and opposing flows. Figure (26) illustrate the impact of Schmidt numbers upon 

concentration profile, the curves show that as Schmidt numbers increase, the concentration 
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profile becomes lower. Figure (27) and (28) represents the variation in the concentration 

profiles of Nt and Nb. For assisting and opposing flows, concentration rises as the 

thermophoresis parameter increase and decreasing for the values of the Brownian motion 

increase. 

 Figures (28) – (33) depict the variations in skin-friction, the Nusselt number and 

the Sherwood number for different values of Eckert number, magnetic number, Brownian 

motion number, thermophoresis parameter, microrotation and Schmidt number. From 

Figures (28) – (33) shows that with increasing values of M, Ec, Nb, Nt and n, the Skin friction 

increased and also Nusselt and Sherwood number increased.  
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Figure 16. Effects of magnetic number M on Velocity profile. 

 

 Figure 17. Effects of magnetic number M on Angular velocity profile. 
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Figure 18. Effects of magnetic number M on temperature profile. 

Figure 19. Effects of magnetic number M on concentration profile. 
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Figure 20. Effects of material number K on velocity profile. 

 
              Figure 21. Effects of material number K on Angular velocity profile. 
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Figure 22. Effects of material number K on Temperature profile. 

 

    
Figure 23. Effects of material number K on Concentration profile. 
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Figure 24. Effects of Prandtl number Pr on Temperature profile. 

 

  Figure 25:  Effects of Eckert number Ec on Temperature profile. 
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Figure 26.Variation of Sc on Concentration profile. 

Figure 27. Variation of Nt on Concentration profile. 
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Figure 28. Variation in skin-friction, Nusselt number and Sherwood number for various 

values of M. 

 

 

Figure 29. Variation in skin-friction, Nusselt number and the Sherwood number for various 

values of Ec. 
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Figure 30. Variation in skin-friction, Nusselt number and Sherwood number for various 

values of Nb. 

 

Figure 31. Variation in skin-friction, Nusselt number and Sherwood number for various 

values of Nt. 
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Figure 32. Variation in skin-friction, Nusselt number and Sherwood number for various 

values of Sc. 

 

Figure 33. Variation in skin-friction, Nusselt number and Sherwood number for various 

values of n. 
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CHAPTER 5 

 

 

 

CONCLUSION 
 

 

                 
  Initially, an article has been reviewed and formulated its mathematical equations. 

The parameters obtained from these equations were shown graphically using MATLAB. At 

the end a thorough discussion on results and graphs are upheld. 

 Addition of some new parameters in review article took place in an extension work 

where the governing PDEs have been passed through into the nonlinear dimensionless ODEs 

by using similarity transformation.  

The following numerical results are noted: 

• Increasing magnetic parameter decreases velocity profile, angular velocity profile and 

concentration profile for assisting and opposing flow whereas temperature profile is 

lowered. 

• It has been observed that for assisting and opposing flows, the effects of the physical 

parameter K in the values of the velocities, temperatures, and concentration profiles 

are opposite of that of the magnetic field parameter. 

• Higher numbers of Pr have greater influence on heat transfer since the Prandtl number 

rises with temperature.  
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• As Eckert number increases, the temperature effect also increases. Therefore, with 

higher values of Ec, their heat transfer properties are enhanced. 

• Increasing Schmidt numbers lower the dimensionless concentration distributions. 

• The dimensionless concentration distributions and thermophoresis parameter are 

increasing. 

• Brownian motion parameter is increasing whereas the dimensionless concentration 

profiles are decreasing. 

•  Skin friction change with increasing values of magnetic number, Eckert number, 

thermophoresis parameter, Brownian motion parameter, Schmidt number, or micro-

rotation, however for higher values of M, Ec, Pr, Nt, Nb, Sc and n Nusselt and 

Sherwood numbers are also increasing. 
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