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Abstract 

 

This study discusses the flow of hybrid nanofluid, an amalgamation of Nikel-Zinc 

ferrite and Ethylene glycol, over a curved surface with heat transfer analysis. The 

heat equation contains nonlinear thermal radiation and heat generation/absorption 

effects. The envisioned mathematical model is supported by the slip thermal 

boundary layer and homogenous heterogenous reactions over curved surface.  

Apposite transformations are betrothed to obtain the system of ordinary differential 

equations from the governing system in curvilinear coordinates. Numerical 

solution is found by applying MATLAB build-in function 4bvp c .Graphical 

illustrations and the numerically computed estimates are discussed and analyzed 

properly. It is comprehended that velocity and temperature distributions have 

varied behaviors near and far away from the curve when curvature parameter is 

enhanced. 
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Chapter 1

Introduction and literature review

1.1 Introduction

Conventional heat transmission ‡uids innately have low thermal conductivity as com-

pared to solids. Thermal conductivity of these ‡uids can be enhanced by adding nanopar-

ticles. The concept of nano‡uid was ‡oated by Choi [1] in 1995. Due to anomalous

thermal conductivity and improved stability, nano‡uids have encouraging future, even

for small fractions of suspended nanoparticals as coolants [2-4]. Existing applications of

nano‡uid based nanotechnology are nano devices, oil re…neries, nuclear reactor, automo-

bile industry and cooling procedures of energy conversion. The use of nanoparticles to

enhance thermal conductivity of base ‡uid is main reason to make nano‡uid. Base ‡uids

have low thermal conductivity and consist of:

² Water.

² Ethylene-glycols and other coolants.

² Oil and other lubricants.

These ‡uids have poor capability of heat transfer due to low thermal conductivity. A

small amount of nanoparticles ( 1% ) is dispersed in base ‡uid to increase the thermal

conductivity of base ‡uid. The material used for nanoparticles are:
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² Oxide ceramics: Al2O3Cuo.

² Metal Carbides: SiC.

² Nitrides: SiN, AIN.

² Metals: Cu, Al.

Thermal conductivity of nanoparticals depends upon size, shape, particle volume

fraction, material, temperature and base ‡uid. For example, nano‡uid with non-metallic

(oxides) have less thermal conductivity than metallic nanoparticles. Nano‡uids have

higher thermal conductivity with smaller particle size. Nano‡uids with the cylindri-

cal shaped particles show more augmentation in thermal conductivity as compared to

the spherical shaped nanoparticles, called nano-tubes or rods [5]. The commonly used

nanoparticles by many researchers are Copper oxide (CuO) and Alumina ( Al2O3).

Presently, sustainable energy generation is one of the biggest challenge faced by the

societies. The solution of this issue is solar energy which is a natural source to get heat

and electricity. Thermal radiation transformed by solar energy has notable in‡uence in

many engineering applications such as advanced power plants, gas turbines, gas cooled

atomic (nuclear) reactor, hypersonic ‡ight and aeronauts. Heat transfer is controlled

by radiative e¤ects in polymer processing industry. In last few years many researchers

have discoursed convection of heat transfer and their application. More than one type

composite nanostructures can be added in a base ‡uid to enhance the performance of

nano‡uid known as hybrid nano‡uid. Numerical studies and experiments regarding hy-

brid nano‡uid are still being done [6-9]. It is noticed that the thermo-physical properties

of the ‡uid with hybrid nanoparticles and concluded the remarkable thermal e¢ciency.

Abbasi et al. [10] used hybridization of carbon nanotubes and alumina. They noticed

thermal conduction and the stability. Next generation heat transfer liquids are hybrid

nano‡uids because they provide stimulating new options to increase heat transmission

e¢ciency as compared to nano‡uid. Material used for hybrid nano‡uids are:
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² Metal matrix nanocomposites (MMNC): Al2O3/Ni, MgO/Fe, Al/CNT, Mg/CNT,

Al2O3/Fe-Cr, Al2O3/Cu.

² Ceramic matrix nano-composites (CMNC): Al2O3/SiO2, Al2O3/SiC, Al2O3/Carbon

nano-tubes, Al2O3/Cu.

² Polymer matrix nanocomposites (PMNC): polyester/TiO2 polymer/ (LDHs) layer

double hydroxide, polymer/Carbon nano tubes (CNT)

For all cases, size of the hybrid (nanocomposites) particle should be  100 nm. Base

‡uids of hybrid nano‡uids are:

² Water.

² Oil.

² Etylene glycol.

Most of the researchers used water and etylene glycol both as a base ‡uid (hybrid

nano‡uids) [11-13]. Very few research work of oil-based hybrid nanoluids have been found

[14-15]. They found that oil-based hybrid nano‡uids have better result than water based

hybrid nano‡uid. Hybrid nano‡uids have vast use in the application of heat transfer

such as refrigeration, automobile radiators, generator cooling, electronic cooling, welding,

thermal storage, nuclear system cooling, lubrication, defence, biomedical, drug reduction,

coolant in machining, gas turbine, solar heating, cooling and heating in buildings and

other industrial area.

Homogeneous-heterogenous reactions are involved in several processes of heat transfer

and commercial eminence like catalytic oxidation, combustion and biochemical system.

Chemical reaction can be classi…ed as homogeneous or heterogenous reaction depend-

ing upon they take place constantly through a given phase or occur on other phase

respectively. The heterogenous reactions occur on some surfaces of catalytic while ho-

mogeneous reactions occur in the large quantity of the ‡uid. This interaction is used in
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the destruction and production of reactive species at various levels on ‡uid and catalytic

surfaces. Researchers and scientists are intended to design and construct a new catalytic

processes which work at maximum heat(temperature).

1.2 Literature Review

In the previous years, researchers have faced an important challenge of thermal e¢ciency

in di¤erent industrial and engineering applications. Technology has made huge advance-

ments in the …eld of transportation, high speed microelectronics, chemical synthesis,

micro systems inclusive of electro-mechanical components high thermal loads carrier.

The main concern now-a-days is cooling of these equipments. Customarily, the rate of

heat transmission is increased due to increasing the available heat exchange area. A dif-

ferent way is to disperse the nano-sized structures within the ‡uids having less thermal

properties (conventional heat transmission ‡uids), like water, ethylene glycol, propylene

glycol, etc. [16]. Choi [1] was pioneer of enhancing the thermal properties of these

liquids, called ‘nano‡uid’. This revelation further enter the researchers into a new re-

search era. Numerous scientists adopted this idea and hence, a few resulting models have

been e¤ectively proposed. A model to analyze the thermal conductivity e¤ectiveness of

nano‡uids was proposed by Maxwell [17]. This model includes the spherical addition of

nanoparticles and the thermal conductivity of base ‡uid and nanoparticles. Hamilton

and Crosser [18] suggested a model which overcome this de…ciency, it is suitable for non-

spherical shaped nanoparticles. The researchers introduced many models in this area

which investigated the e¤ects of types, size and shapes of nanoparticles [19–24].

Despite the fact that nano‡uids have alot of capability to meet the developing thirst of

thermal e¢ciency, still researchers are enthusiastically searching di¤erent types of ‡uids.

The advanced type of nano‡uids are hybrid nano‡uids which show an impressive thermal

e¢ciency as compared to nano‡uids. Two or more di¤erent types of smaller particles

dispersed in the base ‡uid or composite nanostructure in to the base ‡uid is called
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hybrid nano‡uids. This gives a homogeneous mixture having physico-chemical properties

of di¤erent substances which can barely be envisioned to exist in a single substance

[25]. In several heat transfer applications such as automobiles, electronics, industry and

biomedical usage of hybrid nano‡uid can be noticed. Due to positive features of hybrid

nano‡uids like chemical stability and high thermal e¢ciency play a signi…cant role in the

industry as compared to nano‡uids.

Generally used nanoparticles are metals, metal oxides, metal nitrides, metal carbides

carbon nanotubes, graphite, diamond (carbon materials). Pak and Cho [26] observed

heat transmission enhancement of water with TiO2 or Al2O3 nano‡uids. Xuan and Li [27]

used Copper in water and Copper/transformer oil nano‡uids and noticed the increase in

heat transmission than the base ‡uids. Nine et al. [28] examined thermal characteristics

of Al2O3-MWNTs (Alumina multi-walled carbon nanotubes)/water hybrid nano‡uids.

Baghbanzadeh et al. [29] investigated silicon MWCNTs (multi-walled carbon nanotubes)

and Munkhbayar et al. [30] discussed the silver MWCNTs (multi-walled carbon nan-

otubes). Further carbon nanotubes (CNTs) reported by Jana et al. [31]. Multi-walled

carbon nano-tubes (MWCNTs-Fe2O3/water nano‡uids) are investigated by Sundar et al.

[32-34]. Use of nikle-zinc ferrite can be noticed in number of electro-magnetic applica-

tions with high permeability, e.g., inductors and electro-magnetic wave absorber. Several

researchers [35-37] recommended the use of nickel-zinc ferrite, in order to reduce energy

destruction related to bulk powders. Furthermore, many electronic appliances need such

material with required thickness and compressed into outsized shapes. To get nickel-zinc

ferrite various methods have been recommended, which are hydrothermal, ball milling

and precipitation. Ferro‡uids are colloidal ‡uids consist of suspended ferro-magnetic

or ferri-magnetic nanoparticles in an electrically insulated carrier ‡uid. In the ongoing

examination (C2H6O2) ethylene glycol was taken as a carrier ‡uid. The normal spinal

structure of crystallize nickel–zinc ferrite (NiZnFe2O4) was assumed as a nanoparticle.

At room temperature the inverted spinals are ferro-magnetic and normal spinals are

para-magnetic. Zinc-ferrites act like antiferro-magnetic in nature at low temperature.
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This phenomena ferro-magnetic nano‡uid is more suitable in di¤erent application of real

world [38-39]. Neuringer [40] discussed the e¤ects of the magnetic …eld and thermal gra-

dient of ferro-‡uid ‡ow. The heat transmit investigation in a ferro-magnetic ‡uid ‡ow is

demonstrated by Majeed et al. [41].

The ‡uid ‡ow over a stretched surface has many applications in industrial processes

and engineering, liquid …lms in condensation process, paper production, drawing of plas-

tic wires and …lms, crystal glowing, glass blowing, food industries, coatings, drug delivery

system, paints, ceramics, manufacturing of rubber sheets,etc. Flow produced by stretch-

ing sheet is discussed by Crane [42]. Many researchers examined stretching ‡ow under

di¤erent con…gurations but the remarkable work done by Gupta and Gupta [43] who

exaimned the ‡ow over spongy surface. Hydromagnetic ‡ow past a stretching surface

is assumed by Charabakti and Gupta [44]. Anderson et al. [45] exaimned the Power-

law ‡uid ‡ow under the e¤ect of magnetic forces over a linearly stretched surface. An

Oldyroyd-B ‡uid ‡ow with the in‡uence of generation/absorption is depicted by Hayat

et al. [46]. Fluid ‡ow over curved stretching surface using curvilinear coordinate was …rst

investigated by Sajid et al. [47]. The impact of thermal strati…cation in the ferromag-

netic ‡uid past a stretching sheet is investigated by Muhammad et al. [48]. Ramzan and

Yousaf [49] determined that the elastic viscous nano‡uid in view of Newtonian heating,

over a two dimensional stretchig sheet. Sanni et al. [50] obtained a numerical solution

for the viscous ‡uid ‡ow over a stretched curved surface. Hussain et al. [51] applied the

exponentially stretching surface by analyzing the ‡ow of Je¤ery nano ‡uid along with ra-

diation e¤ects. Some recent researches work on various ‡uid ‡ows over stretched surface

with coating can be found in references [52-55].

Homogeneous and heterogenous reactions are involved in many bio chemical reacting

system for example bio-chemical systems, oxidization and catalysis. The association

of homogenous and heterogenous reactions is very complex. Some of the reactions have

ability to continue gradually or no more except in the presence of a catalyst. Homogenous

and heterogenous reactions are unpredictable involving production and consumption of
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reactant species both within the ‡uid and on the catalyst surface at di¤erent rates.

Such reactions involve in fog formation, processing and dispersion of food, polymer’s

production, hydro-metallurgical industry and ceramics. Homogenous-heterogenous (HH)

reactions for the viscous ‡uid past a ‡at surface is investigated by Merkin [56]. He

inspected heterogenous reaction on the catalyst surface and homogenous reaction for

cubic autocatalysis. The surface reaction is e¤ective near the surface. Chaudhary and

Markin [57] reported the homogenous-heterogenous reactions with equal di¤usivities.

Bachok et al [58] determined the homogenous heterogenous reactions in stretched ‡ow.

Stretched ‡ow of viscous ‡uid with homogenous heterogenous reactions is assumed by

Khan and Pop [59]. Homogenous heterogenous reactions can be consulted through the

investigations [60-62] and various studies therein.

From the above literature review, it is noted that very less research work is available

on curved surface as compared to linear/non-linear/exponential stretching surface. And,

further this di¤erence gets narrower by coming towards the study of hybrid nano‡uid

with homogenous heterogenous reactions past curved surfaces. For this purpose, our focal

point of this whole debate is to discuss hybrid nano‡uid ‡ow comprising ferro-magnetic

nanoparticlesi.e., nickel-zinc ferrite (NiZnFe2O4) and the base ‡uid of base, ethylene

glycol(C2H6O2) over a curved surface with homogenous heterogenous reactions. All the

numerical solutions are obtained using 4 from MATLAB, and all the characteristics

of study parameters are discussed thoroughly by keeping their physical justi…cation in

mind.
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Chapter 2

Preliminaries

This chapter contains standard de…nitions and fundamental equations which are sup-

portive in understanding the work in the third and fourth chapters.

2.1 Fluid

Any substace that ‡ows or continuously deforms subjected to a shear stress. Examples

of ‡uid are paints, shampoos, cooking oil, blood and oxygen etc

2.1.1 Liquid

Fluid that has de…nite volume but no de…nite shape. Examples are water, milk, blood

etc.

2.1.2 Gas

It is type of ‡uid which has no de…nite shape and volume. Examples are Oxygen, Nitro-

gen, Hydrogen etc.
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2.2 Fluid mechanics

Fluid mechanics is the examination of the behavior of liquids at rest or in motion. It can

be classi…ed into two subclasses.

2.2.1 Fluid statics

Fluid mechanics is the study of behavior of liquids at rest.

2.2.2 Fluid dynamics

Examination and investigation of the ‡ow of ‡uid is called ‡uid dynamics.

2.3 Stress

Force applied per unit area within the deformable body is called stress. Unit of stress in

SI is ¡2 or 2 and [ 2] is its dimension. Stress is divided in to two types.

2.3.1 Shear stress

When the acting force is parallel to the unit area of the surface then it is called shear

stress.

2.3.2 Normal stress

The force act normaly or perpendicularly per unit area of the surface is recognized as

normal stress.

2.4 Strain

A quantity which measure destortion(deformation) of an object when a force acts on it.
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2.5 Flow

Flow is distinguished as a material that deforms smoothly and steadily under the e¤ects

of di¤erent kinds of forces. Flow is divided into two major subclasses.

2.5.1 Laminar ‡ow

Laminar is a systematic ‡ow, in which ‡uid ‡ow in regular and well arranged paths, with

no intermixing between the layers.

2.5.2 Turbulent ‡ow

Turbulent ‡ow is obtained when the liquid particles moves randomly and have irregular

velocity in the ‡ow …eld.

2.6 Viscosity

It measures the liquid resistance to ‡ow when many forces are acting on it. Mathemati-

cally, can be represented as follows:

viscosity =
shear stress

Rate of shear strain
 (2.1)

 =
 

()
. (2.2)

2.6.1 Dynamic viscosity

The measure of ‡uid resistivity to ‡ow is known as dynamic/absolute viscosity. Its unit

is  sec.
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2.6.2 Kinematic viscosity

Kinametic viscosity is the relation of the dynamic viscosity and ‡uid density. Mathemat-

ically, it is shown as:

¤ =
absolute viscosity

‡uid0s density
, (2.3)

¤ =



 (2.4)

SI unit is 
2


.

2.7 Newtonian ‡uids

In these ‡uids the velocity gradient is linearly proportional to shear stress. Kerosene,

glycerine, water and ethyl alcohol are some examples of Newtonian ‡uids.

2.8 Non-Newtonian ‡uids

Fluids which do not hold the Newton’s law of viscosity. There is direct and nonlinear

relationship between shear force and gradient of velocity. Soup, butter, cosmetics and

lava are the examples of these ‡uids. Mathematically, represented as follows:

¿  /

µ




¶
  6= 1 (2.5)

or

¿ yx = 



  = 

µ




¶¡1
 (2.6)

where  is the ‡ow behavior index. For  = 1 Eq. (26) represents the Newton’s law

of viscosity. The three major types of non-Newtonian ‡uids are, (i) di¤erential type (ii)

integral type (iii) rate type.
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2.8.1 Rate type ‡uid

Fluids which show the behavior of retardation and relaxation times are rate type ‡uids. In

this type stress is given implicitly in terms of velocity gradient and its higher derivatives.

Je¤ery, Oldroyd and Maxwell are the examples of rate type ‡uid models.

2.8.2 Retardation Time

It is the time required to balance an opposing force which is produced when shear stress

acts.

2.8.3 Relaxation Time

With the applied stress, the system transform from equilibrium position goes to perturb

position. When the stress is taken o¤, the time needed for a perturbed system back to

equilibrium position is known as relaxation time

2.9 Magnetohydrodynamics (MHD)

It is the combination of three words magneto, hydro and dynamic which mean magnetic,

water/liquid and motion of object by force respectively. Magnetohydrodynamics is the

study of magnetic properties and characterstics of the high conducting ‡uids. Liquid

metals and salt water are some examples of MHD ‡uids. Its parametric form is called

Hartmann number.

2.10 Newton’s law of viscosity

Fluids that show the linear and direct relation between velocity gradient and shear stress.

Mathematically, it can be shown as follows:

  / () (2.7)
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or

  =  ()  (2.8)

2.11 Density

Mass of a material per unit volume is called density. It is used to calculate the amount

of a material present in a unit volume. Mathematically

 =
¤


 (2.9)

In SI its unit is 3

2.12 Pressure

Pressure is the magnitude of the perpendicularly applied force per unit area. Mathemat-

ically, given by:

P = ( ¤) (2.10)

Unit of pressure in SI system is 2.

2.13 Homogenous reactions

When the catalyst and reactant both are in same phase during a chemical reaction then

it is called homogenous reaction.

2.14 Heterogenous reactions

The reactions in which catalyst and reactant are in two or more phases is known as

heterogenous reactions.
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2.15 Catalyst

Any material which do not participate in reaction. It only increase or decrease the rate

of reaction.

2.16 Reactant

A substance that takes part in and undergoes a change during a chemical reaction.

2.17 Modes of heat transfer

Heat is the form of energy that moves from hotter region to colder. Flow of heat takes

place between two objects with di¤erent temperatures. The transfer of heat occurs

through any one of the following three modes:

2.17.1 Conduction

Flow of heat from warmer to cooler areas in liquids and solids by direct contact of the

free electrons and molecules is called conduction. In this process molecules do not move

and heat transfers by free electrons. Mathematically

q


= k

µ
2 ¡ 1
2 ¡1

¶

= k
¢

¢
 (2.11)

where

q = ¡kA



 (2.12)

2.17.2 Radiation

Radiation is a process through electromagnetic waves from hotter to colder region without

any medium. Mathematically, it is represented as

14



 = ¤A (¢ )4  (2.13)

2.17.3 Convection

A mode where heat ‡ows by the movement of molecules from hot to cold area of liquids

or gases. Mathematically,

 = ¤A ( ¡ 1)  (2.14)

2.18 Convective boundary conditions

Convective boundary conditions are also called Robin boundary conditions. These kind

of conditions are usually de…ne on boundary (surfaces). Mathematically,

k

µ




¶



= ¤ (( )¡ ( ))  (2.15)

2.19 Nano‡uid

Nano‡uid is the combination of liquid and very small particles (called nanometer par-

ticles). These ‡uids are mixture of suspended nanoparticles in the base liquid. Oxides,

metals and carbon nanotubes are used to made the nanoparticles. The base ‡uids are

water and oil.

2.20 Hybrid nano‡uid

The mixture of two or more di¤erent types of nanoparticles distributed within base ‡uid

is known as Hybrid nano‡uid.
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2.21 Magnetic …eld

A vector …eld which de…nes the magnetic impact of magnetized materials and electrical

currents.

2.22 Stefan-Boltzmann constant

Stefan-Boltzmann constant is the constant of proportionality in the Stefan-Boltzmann

law: in unit time the total intensity radiated per unit surface area of a black body is

proportional to the fourth power of thermo-dynamic temperature. It is represented by

the Greek letter ¤

2.23 Electrical conductivity

The material ability to carry electric current is called electrical conductivity. Electrical

conductivity is also known as speci…c conductance. It is represented by Greek letter 

2.24 Speci…c heat

Speci…c heat is the amount of heat per unit mass required to increase the temperature

by one degree. The relation between heat change and temperature is expressed as:

 = ¤¢ (2.16)

2.25 Ambient temperature

Air temperature of an object or environment is called ambient temperature.
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2.26 Non-dimensional numbers

2.26.1 Reynolds number (Re)

This dimensionless number determine the ‡ow whether it is laminar or turbulent. It is

the relation of inertial and viscous forces. Mathematically, it is expressed as:

Re = inertial forces  viscousforces (2.17)

=
 £ 

¤
 (2.18)

Less Reynolds number (2000) describe laminar ‡ow and greater number (4000) for

turbulent ‡ow.

2.26.2 Prandtl number (Pr)

Prandtl number is the ratio of momentum di¤usivity to thermal di¤usivity. Mathemati-

cally, it is expressed as:

Pr =

¤

 (2.19)

=



 (2.20)

2.26.3 Radiation parameter (R)

It de…nes the relative e¤ect of conduction to the thermal radiation transfer. Mathemat-

ically, expressed as:

R =
16¤ 31
3¤k

 (2.21)
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2.26.4 Skin drag force coe¢cient ()

When ‡uid is ‡owing over a sheet emerges certain amount of drag that is known as Skin

friction coe¢cient. It takes place between the ‡uid ‡ow and the solid surface that reduce

the rate of ‡ow of ‡uid. Mathematical expression for Skin friction coe¢cient is,

 =
 
1
2
2

 (2.22)

2.26.5 Nusselt number ()

This dimensionless number describes the relation between convection and conduction

heat transfer coe¢cients at the boundary is called Nusselt number. Mathematically,

 =


( ¡ 1)
 (2.23)

 = () ¡ (



) (2.24)

2.26.6 Biot number ()

The ratio between the internal di¤usion resistivity and external convection resistance is

named as Biot number. Mathematically, it is expressed as:

 =
¤
q





 (2.25)

2.26.7 Brinkman number()

The Brinkman number is a dimensionless number associated to heat produced from a

wall to a ‡owing viscous ‡uid.

 =


2



 (2.26)
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2.26.8 Schmidt number ()

This dimensionless number is explained as the ratio of non-Newtonian viscosity (kine-

matic) to mass di¤usivity. Mathematically,

 =



 (2.27)

2.26.9 Hartmann number()

The relation of electro-magnetic force to the viscous force is Hartmann number. Mathe-

matically expressed as:

 =
2

0


 (2.28)

2.26.10 Chemical reaction parameter ()

The non-dimensional number utilized to measure the strength of chemical reaction rate

is called chemical reaction parameter and can be written as:

 =
2
1

 (2.29)

2.27 Conservation laws

Ameasurable quantity that remains unchanged with the progression of time in an isolated

system is called conserved quantity and the law which deals with this quantity is recog-

nized as conservation law. The conservation laws that are used for the ‡ow speci…cation

in the subsequently analysis are given below,
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2.27.1 Mass conservation law

Conservation law for mass de…nes that the whole mass in any closed system will remain

conserved. Mathematically,



+ rV = 0 (2.30)

or



+ (rV)+ (Vr)  = 0 (2.31)

or

r (V) +



= 0 (2.32)

The above equation is continuity equation. For the steady ‡ow Eq. (231) becomes

r (V) = 0 (2.33)

For incompressible ‡uid, Eq. (232) will be stated as:

(rV) = 0 (2.34)

2.27.2 Law of conservation of momentum

It is de…ned as the total linear momentum of a closed system remains constant. Generally,

it is given by:

(V) = div ¿ 1+b (2.35)

here ¿ 1= ¡ +  is the Cauchy stress tensor.
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2.27.3 Law of energy conservation

This law is also known as energy equation and is described as total energy is conserved

throughout the whole system. For nano‡uids, it is speci…ed by:





= ¤¤ + r2 + 

µ

rr +


1
rr

¶

 (2.36)

2.27.4 Law of concentration conservation

For nanoparticles, equation of the volume fraction is

VrC+



= ¡

1


rj (2.37)

j = ¡[r + 
r

1
] (2.38)

Eq. (237) gives after writing value of j

VrC+



= DT

r2T

T1
+D



r2C  (2.39)

2.28 Thermal di¤usivity

It is speci…c property of a material for relating the unsteady conductive heat ‡ow. This

value describes the responding speed of a material to change in temperature. It is the

ratio between thermal conductivity to speci…c heat capacity and density. Mathematically,

¤ =



 (2.40)

SI unit is 2 sec
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2.29 Thermal conductivity

The ability of conducting heat of a substance is named as thermal conductivity. From the

Fourier’s law of heat conduction, "The amount of heat transfer rate  through a material

of unit thickness  times unit cross section area  and unit temperature di¤erence ¢".

Mathematically, written as:

 =


(¢T)
 (2.41)

In SI system thermal conductivity has unit 


.
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Chapter 3

Impact of nonlinear radiation and

entropy optimization coatings with

hybrid nanoliquid ‡ow past a curved

stretched surface

This chapter is consist of review paper authored by Lu et.al published in 2018.

3.1 Mathematical formulation

In this chapter, two-dimensional steady, incompressible nano‡uid ‡ow on a curved stretch-

ing sheet of radius ¤ about  and ¡directions is assumed (see Fig 1). Here,  =  is

the stretching velocity along ¡direction. A magnetic …eld of strength 0 is activated in

¡direction which is perpendicular to the stretching sheet (‡uid ‡ow). By taking small

Reynolds number, the electric and induced magnetic …elds are neglected.
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Figure 3.1. Geometry of ‡ow.

The governing system of equations for present ‡ow are:

¤


+




f( +¤)g = 0 (3.1)

1






=

2

¤ + 
 (3.2)

(



) +

¤

 +¤
(



) +



¤ + 
= ¡

1


(

¤

 +¤
)




+



½
2

2
+

1

 +¤
(



)¡



( +¤)2

¾

¡



2
0 (3.3)

(



) +

¤

 +¤
(



) = 

½

(
2

2
+

1

 +¤
(



)

¾

+
0

()
(1 ¡  ) +

1

()
(

1

 +¤
)



( +¤) (3.4)
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¤

 +¤
(



) + (




) = (

2

2
+

1

¤ + 




) (3.5)

with boundary conditions

 = () =   (



) = ¡¤ ( ¡ )   = 0

¡(



) =  at  = 0

 ! 0 



! 0   ! 1  ! 1 as !1 (3.6)

Table-3.1 Thermo-physical properties of ethylene glycol and 24(Nickle-

Zinc Ferrite).

Thermophysical characteristics of  (W/mK)  (J/kg K)  (kg/m3) 

ethylene glycol(C2H6O2) 0.2490 2382.0 1116.6 204.0

nickle-zinc ferrite(NiZnFe2O4 6.3 710.0 4800.0 _

Thermophysical properties in mathematical form are:

 =


(1¡ ©)
25
10

  =


()
 (3.7)

 = (1¡ ©) +© (3.8)

() = ©() + (1¡©) ()  (3.9)




=
 + 2 + 2©( ¡  )

 + 2 ¡©( ¡ )
 (3.10)

Term of nonlinear radiation heat ‡ux via Rosseland’s approximation, Eq.(34) is given

as:

 =
4¤

3¤
(
 4


) =

16 3¤

3¤
(



)

Now, we de…ne the following dimensionless transformations:

25



 =

r



  = 

22 ()   = 1 ¡



r


()

 =  0()  = ¡
¤

¤ + 

p
()  = 1 [1 + ( ¡ 1)]  (3.11)

Here,  0 is the derivative w.r.t  and  =

1

 Eq. (31) is identically satis…ed. However,

Eqs.(32)¡ (36) reduce:

 0 = (1¡ © +©


)

 0
2

 +K1
 (3.12)

1

(1¡ ©+© 

)

2K1
 +K1

 =
1

(1¡©)
25
10 (1¡ ©+© 


)

( 000 ¡
 0

( +K1)2
+

 00

 +K1
)¡

K1
 +K1

 0
2

+
K1

 +K1
 00 +

K1
( +K1)2

 0 ¡


1¡ ©+ © 


 0 (3.13)

1

Pr

µ


+R(1 + ( ¡ 1))

3

¶µ

00 +
1

 +K1
0
¶

+

µ

1¡ ©+ ©
()
()

¶

(
K1

 + K1
0)¡ 1 +

3

Pr
R(1 + ( ¡ 1))

20
2

( ¡ 1) = 0 (3.14)

00 +
1

 +K1
0 + (

K1
 +K1

)0 = 0 (3.15)

and

(0) = 0  0(0) = 1 0 (0) = ¡(1¡ (0)) ¶(0) = ¡1

 0(1)! 0  0
00

(1)! 0  (1)! 0 (1)! 0 (3.16)

where

K1 = ¤

r



 1 =

0

()
  =

¤
q
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Pr =



  =



 R =
16¤ 31
3¤

  =
2

0


 (3.17)

Eliminating pressure between Eqs. (312) and (313) we get

  +
2 000

 +K1
¡

 00

( +K1)2
+

 0

( +K1)3
+ (1¡©)25(1¡ ©+©



)

f
K1

( +K1)2
( 0

2

¡  00)¡
K1

 +K1
( 0 00 ¡  000)

¡
K1

( +K1)3
 0g ¡ (1¡©)25(

 0

 +K1
+  00) = 0 (3.18)

with

() = 0  0() = 1 as  = 0 and  0()! 0 
00

()! 0 as  !1 (3.19)

Along -direction the Nusselt number (), Surface Drag coe¢cient () and Sherwood

number () are:

 =
 rx
1
2
2

  =


( ¡ 1)
  = ¡



( ¡0)




 (3.20)

where

  =  (



¡



¤ + 
) j=0 , = () ¡




j=0 (3.21)

Finally, Equation (320) after using Eqs.(311) and (319)

1

2
 Re

12
 =

µ

 000 (0)¡
 0(0)

1

¶

 (Re)
¡ 1
2 =

1

(0)


Re
¡12
 = ¡[



+(1 + ( ¡ 1)(0))

3]0(0) (3.22)
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here, Re =
2




3.2 Entropy Generation

The dimensional form of entropy generation equation is:

000
 =


 2
[(



)2 +

16¤ 3

3¤
(



)2] +



(



)2

+
2

0


2 +

Rd

1
(



)2 +

Rd


(



)(



) (3.23)

After applying dimensionless transformations, Equation (323) reduces in to following

form:

 =
000


000
0

= Re[
k
k

+R(1 + ¦)
3]02

+
Re
¦2

[( 00)2 + 0
2

] +
Re

P

¦
(0

2

+
00

¦
) (3.24)

here,

 =


2



 Re =

2



X

=
1


 ¦ =  ¡ 1 (3.25)

3.3 Results and discussion

The bvp4c MATLAB scheme is used to integrate the numerical solution for system of

Eqs. (314)¡(315) and (318) with initial and boundary conditions. Eqs. (316)¡(319)

for several values of K1  R 1 and  graphically. For this method by using new

variables we can obtain …rst order di¤erential equations from higher order. The tool

bvp4c for solution with the tolerance of 10¡7usess an initial guess. The selected guess

must satisfy the Equations (316) and (318) . boundary conditions and the solution.

A magni…cent bond with Sanni et al. [50] is observed in the absence of concentration

and temperature pro…le when  = 1 and © = 00.
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Table 3.2: Result comparison of skin drag force 1
2
(Re)

1
2when  = 1 © = 00

1 Sanni et al. [50] Present Result

5 11576 115760

10 10734 107341

20 10355 103540

50 10140 101400

100 10070 100690

1000 10008 100079

Figures 3.2 and 3.3 are shown the in‡unce of solid volume fraction on velocity and tem-

perature pro…les. Fields of velocity and temperature increases with increasing values

of solid volume fraction. Moreover, the thermal boundary layers thickness and the mo-

mentum are improved with larger values of ©  The values of parameters are Pr = 10

K1 = 10  =  =  = 1 = 05 and  = © =  = 01. The impact of the cur-

vature parameter 1 on the velocity, concentration and temperature pro…les is shown

in Figures 3.4-3.6. As 1 increases, the velocity and temperature of the liquid increase

with decreasing concentration …eld. Physically, radius of the surface increases as (1)

curvature parameter increases, which causes greater resistance in the ‡ow rate. Hence,

temperature increases. Figure 3.7 is ploted to show the change in the velocity gradient

for higher estimates of the magnetic …eld . Here an increase in  leads to a decrease

in the velocity of the ‡uid. This is caused by the resistance of the magnetic …eld (Lorentz

force), which reduces ‡ow rate of the ‡uid Figures 3.8 and 3.9 demonstrate the features

of Biot number () and heat generation parameter 1on temperature …eld respectively.

Figure 3.8 shows that the convective heat transfer coe¢cient increases and the tempera-

ture raises with higher values of . Figure 3.9 shows the behavior of 1 to increase the

heat generation absorption values, the temperature pro…le and the thermal boundary

layer thickness are increased. The values of other parameters are …xed as  = 03

© =  = 05 R =  = 01  = 5 and 1 = Pr = 10 Figures 3.10 and 3.11 show
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the e¤ect of nonlinear radiation parameters  and Pr (Prandtl number) on temperature

distribution. The temperature …eld decreases as the Prantle number increases. Due to

the reciprocal link between thermal di¤usivity and Prandtl number, a rapid addition in

the Prandtl number Pr reduce the temperature and thermal boundary layer thickness.

The temperature pro…le increases with larger estimates of nonlinear radiation parameter

(R). Physically, the radiant heat ‡ux increases with higher values of R and eventually

increases the ‡uid temperature. The increase in the Schmidt number  for the con-

centration distribution is drawn in Figure 3.12. A reduction in the concentration pro…le

with increasing  is noticed. Since the Schmidt number and the Brownion di¤usion

coe¢cient are inversely proportional to each other, so an enhancement in the  reduces

the Brownian di¤usion coe¢cient and decreases the concentration and thickness of the

interconnected boundary layer. Figure 3.13 shows the relationship between the entropy

generation and the magnetic parameter . the same features are noticed as in case

of Brinkman number () Increasing  means that the Lorentz force increases and

eventually dissipaton energy increases, which is the main cause of irreversibility. The

e¤ect of Brinkman number () on entropy generation is examined in Figure 3.14. From

the Figure it can be seen that optimization of entropy increases with increasing values

of Br. This is due to the fact that the augmented value of () more heat is emit-

ted/generated between the layers of the liquid. Table 3.3 speci…es the e¤ect of magnetic

parameter  and curvature parameter K1 on surface drag force ¡
1
2
(R)

1
2 . It can be

seen that increasing the K1 values reduce the Skin friction coe¢cient. An opposite trend

is demonstrated in case of  The up shot of magnetic parameter  and solid volume

fraction © on shear wall stress are also illustrated in it. The Skin drag force coe¢cient

rises with increase in solid volume fraction © for …xed values of other parameters as

Pr = 10  = 0 The Skin drag force coe¢cient remains constant for increasing values

of magnetic parameter  Table 3.4 also shows the behavior of the Sherwood numbers

(Re)
¡ 1
2 for di¤erent values of  (Schmidt number), K1 (The curvature parameter)

and  (magnetic parameter) in case of rapid increasing values of (), the Sherwood
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number (Re)
¡ 1
2 increases, However it decreases for increasing values of 1and .

Table 3.3 demonstrates the in‡uence of the Biot number  and solid volume fraction ©

on Nusselt number (Re)
¡1
2  It is noticed that for greater values of © and  the

rate of surface heat transfer increases for …xed values of other parameters. The result

of curvature parameter K1 and nonlinear radiation parameter R on Nusselt number is

analyzed in Table 3.3. As discussed in the table, decrease in Nusselt number and the

opposite tendency is noticed for nonlinear radiation parameter R for increasing values

of curvature parameter K1 for …xed values of   ©  1 and Pr = 10

Figure 3.2: E¤ect of © on 
0
()
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Figure 3.3: E¤ect of © on ()

Figure 3.4: E¤ect of 1 on 
0
()
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Figure 3.5. E¤ect of K1 on ()

Figure 3.6: E¤ect of 1 on ()
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Figure 3.7. E¤ect of  on  0()

Figure 3.8. E¤ect of Bi on ()
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Figure 3.9. E¤ect of 1 on ()

Figure 3.10. E¤ect of R on ()
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Figure 3.11. E¤ect of Pr on ()

Figure 3.12. E¤ect of Sc on ()
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Figure 3.13. E¤ect of  on entropy generation.

Figure 3.14. E¤ect of Br on entropy generation.
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Table 3.3: Numerical values of Skin drag force ¡1
2
 (Re)

1
2and Nusselt number.

1  ©   1  ¡1
2
 (Re)

1
2 (Re)

¡1
2

0.8 0.4 0.5 0.5 0.5 0.5 5.7470 0.3237

1.0 5.6241 0.3233

1.3 5.3590 0.3229

0.8 0.1 5.74700 0.3237

0.3 5.7891 0.3237

0.5 5.8312 0.3237

0.1 0.02 1.2382 0.1017

0.2 2.0152 0.1584

0.5 5.7470 0.3237

0.5 0.7 - 1.7582

1.0 - 2.2651

1.5 - 2.9260

2.0 0.1 - 3.4143

0.3 - 3.4228

0.5 - 3.4314

0.7 0.7 - 3.5757

0.9 - 3.6891

1.0 - 3.7395

0.7 0.5 - 3.5757

0.7 - 3.5587

0.9 - 3.5333

1.0 - 3.1573
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Table 3.4 Numerical values of Sherwood numbers (Re)
¡ 1
2 for various values of

,K1  with …xed values of Pr = 10R = 01© = 01  = 01  = 05 1 = 05

 K1  (Re)
¡ 1
2

05 10 01 038325

10 ¡ ¡ 059354

20 ¡ ¡ 092268

5 5 01 160150

¡ 10 ¡ 158090

¡ 50 ¡ 156230

5 10 03 156270

¡ ¡ 05 154600

¡ ¡ 07 153040

39



Chapter 4

A numerical simulation of hybrid

nano‡uid ‡ow with

homogenous-heterogenous reactions

over a curved surface

4.1 Mathematical modelling

In this chapter, we consider an incompressible 2D nano‡uid ‡ow over a curved steady

stretching sheet coiled in a semi-circle of radius ¤ The stretching sheet is in the ¡

direction with velocity  =  In ¡direction the induced magnetic …eld of strength 0

is enforced , perpendicular to the ‡uid ‡ow. Temperature  of sheet is kept constant

while 1 is ambient temperature of ‡uid. The process of heat transfer is exaimned

through heat absorption/generation e¤ects. Homogenous-heterogenous reactions of two

chemical species  and  are considered. For cubic autocatalysis, the homogenous

reaction can be de…ned as:

+ 2 ! 3 rate = 1
2
2 (4.1)
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while the heterogenous reaction on reactant surface is

!  rate = 1 (4.2)

Here, 1 2 are the concentrations of chemical species  and  respectively and , 

are the rate constants.

The continuity, momentum, energy and homogenous heterogenous reactions equations

are:
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2

 +¤
=

1


(



) (4.4)

(



) +

¤

 +¤
(



) +



 +¤
= ¡

1


(

¤

 +¤
)(



)

+



f
2

2
+

1

 +¤
(



)¡



( +¤)2
g ¡




2
0 (4.5)

(



) + (

¤

 +¤
)(



) = f

2

2
+

1

 + ¤
(



)g

+
0

()
(1 ¡  ) +

1

()
(

1

¤ + 
)



(¤ + ) (4.6)

(
1

) +

¤

¤ + 
(
1

) = 1f

21
2

+
1

¤ + 
(
1

)g ¡ 1

2
2 (4.7)

(
2

) +

¤

 +¤
(
2

) = 2f

22
2

+
1

 +¤
(
2

)g+ 1

2
2 (4.8)

with the subjected conditions
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1
1

j=0 = 1 2

2

j=0 = ¡1

 ! 0 



! 0   ! 1 , 1 ! 0 2 ! 0 as  !1 (4.9)

Invoking the following transformations
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22 ()

 = 1(1 + ( ¡ 1))  =  0() 1 = 0()

2 = 0()  = ¡
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 +¤

p
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1

 (4.10)

After using boundary layer approximation and invoking here, Eq. (43) is automatically

satis…ed and remaining, Eqs. (44)¡ (49) take the form:

 0 = (1¡ © +©
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with

() = 0   00() = 0 () = 0  0 () = 1 +K¤[ 00()¡  0()K1]

0 () =  (1¡  ())  0() = 2() 0() = ¡2() at  = 0 (4.16)
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These parameters are mathematically de…ned as:

K1 = ¤

r



  = ¤

q




  =


1

 R =
16¤ 31
3¤

 Pr =




1 =
¤
0

()
  = 

2
0


 1 = 20



 2 =



q



1
  =

2
1

K¤ = 

r



 (4.18)

Eliminating pressure from Eqs.(411)¡ (412) we get
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Thermophysical properties in mathematical form are given as:
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When the di¤usion coe¢cients 1 = 2, then  = 1 we have

() + () = 1 (4.25)

Then Equations (4.14) and (4.15) become
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with boundary conditions

0(0) = 2(0) (1)! 1 (4.27)

Along ¡direction, Nusselt number(), surface drag force () are in
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Nusselt number and surface drag force in dimensionless form are appended as follows:
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The local Reynolds number is expressed as Re =
2


.

4.2 Results and discussion

We compute the velocity pro…le, temperature distribution and heat transfer character-

ized by solving Eqs. (412) ¡ (413) (419) (426) subjected to boundary conditions

(416)¡ (417) and (427) by using tool  build-in function 4. This partic-

ular section is dedicated to envision the impact of di¤erent parameters, on the velocity

 0 (), temperature  () and concentration pro…les  (). Figures 4.2 and 4.3 are illus-

trated to see the e¤ects of volume fraction © on the temperature and velocity …elds. The

magnitude of ‡uid velocity and temperature …eld increase with increasing values of ©

The momentum boundary layer thickness is getting higher for larger values of ©. The

values of other parameters are …xed as Pr = 1 = 10  = 05  = 15 1 = 105

and  = © = 01 Figure 4.3 is sketched to see the e¤ect of curvature parameter 1

on the velocity pro…le  0(). The velocity of the ‡uid increases with increasing value of

1. The radius of surface increase for higher values of curvature parameter K1, which

enhances the ‡uid velocity. Figure 4.4 demonstrates the behaviour of the temperature

distribution for various values of 1. It is observed from this …gure that higher values of

K1 cause an increase in temperature as well as in thermal boundary layer. Figure 4.5 elu-

cidates the in‡uence of magnetic parameter  on velocity distribution  0(). A decline

in the magnitude of velocity is subjected to the enhance values of Hartman number 

This is because, the external magnetic …eld acts as a resistive force (Lorentz force) to

the ‡uid velocity. Figures 4.6 and 4.7 illustrate the characteristic of  (Biot number)
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and heat source (generation/absorption) parameter 1 on temperature distribution ()

respectively. Figure 4.6 depicts that the convective heat transfer coe¢cient augments for

higher values of  and the temperature eventually boosted. Figure 4.7 demonstrates

the temperature …eld a¤ected by 1 So, by increasing the values of 1 temperature and

thermal boundary layer thickness increase. Figure 4.8 gives the change of radiation pa-

rameter  on dimensionless temperature  ()  Enhancement in temperature pro…le is

noticed for increasing values of nonlinear radiation parameter R. Physically, the con-

duction e¤ects (radiative heat ‡ux) enhance for increasing values of R which causes

the increase in temperature of the ‡uid. Figure 4.9 displays the e¤ect of Prandtl num-

ber Pr on temperature distribution. It is evident from this …gure that the temperature

pro…le decreases with the increasing values of Pr, because the thermal di¤usitivity and

Prandtl number are connected reciprocally. As the increase in Pr causes reduction in

temperature as well as in boundary layer thickness. The impact of curvature parameter

K1 on concentration distribution is depicted in Figure 4.10. It shows that concentration

…eld reduces for higher values of curvature parameter 1. Figure 4.11 portrays a decline

in concentration () with increasing values of Schmidt number. The relation between

mass di¤usivity and viscosity is called Schmidt number . Then mass di¤usivity de-

creases with increasing Schmidt number. Consequently, reduction in concentration of

‡uid. Figure 4.12 speci…es that concentration …eld () decreases with high strength

of homogenous reaction parameter 1 Actually, the reactants are consumed during ho-

mogenous reaction. Concentration pro…le for larger strength of heterogenous reaction

parameter 2 is explained in Figure 4.13. When 2 increases, the concentration pro…le

decreases because of reduction in di¤usion. Concentration pro…le for larger strength of

heterogenous reaction parameter 2 is explained in Figure 4.13. When 2 increases, the

concentration pro…le reduces because of reduction in di¤usion. Other parameters are

…xed as  = 0.5,  = 15,  = 0.3, 1 = 09  =  = 01. Table 4.1 shows

the in‡uence of various parameters on Skin drag force coe¢cient and Nusselt number.

Drag force coe¢cient increases for larger values of  (Hartmann number), © (solid vol-
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ume fracition of nano‡uid) and 1(curvature parameter) Gradually reduction of Nusselt

number is noticed for higher values of 1 Both Nusselt number and Skin friction coe¢-

cient increases for larger values of solid volume fricition © of nano‡uid For higher values

of Radiation parameter  Biot number , 1 and  heat transmission rate enhance

and no in‡uence on skin fricition coe¢cient.

Figure 4.1: E¤ect of © on  0()
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Figure 4.2: E¤ect of © on ()

Figure 4.3: E¤ect of 1on  0()
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Figure 4.4: E¤ect of 1 on ()

Figure 4.5: E¤ect of  on  0()
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Figure 4.6. E¤ect of Bi on ()

Figure 4.7. E¤ect of 1 on ()
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Figure 4.8. E¤ect of  on ()

Figure 4.9. E¤ect of Pr on ()
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Figure 4.10. E¤ect of K1 on ()

Figure 4.11. E¤ect of Sc on ().
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Figure 4.12. E¤ect of k1 on ().

Figure 4.13. E¤ect of 2 on  () 
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Table 4.1: Values of Nusselt number (Re)
¡1
2 and Skin fricition coe¢cient

¡1
2
 (Re)

1
2

1  ©   1  ¡1
2
(Re)

1
2 (Re)

¡1
2

0.8 0.4 0.5 0.5 0.5 0.5 1.9567 0.3221

1.0 2.0963 0.3215

1.3 2.1979 0.3210

0.8 0.1 1.9369 0.3221

0.3 1.9501 0.3221

0.5 1.9633 0.3221

0.1 0.02 0.3837 0.1013

0.2 0.6297 0.1577

0.5 1.9369 0.3221

0.5 0.7 _ 1.7136

1.0 - 2.1923

1.5 - 2.8072

2.0 0.1 - 3.2456

0.3 - 3.2582

0.5 - 3.2706

0.7 0.7 - 3.4474

0.9 - 3.5804

1.0 - 3.6385

0.7 0.5 - 3.4474

0.7 - 3.4319

0.9 - 3.4075

1.0 - 3.3918
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Chapter 5

Conclusions and future work

In this thesis two problems have been analyzed where …rst problem is about review paper

and second problem is the extension work of it. Conclusions of both the problems are as

follows:

5.1 Chapter 3

² Increase in curvature parameter is correlaed with the reduction in concentration

distribution and increase in velocity and temperature …elds.

² Both pro…les velocity and temperature show increasing behavior with increasing

solid volume fraction.

² Temperature rises for higher values of Biot number.

² Increase in axil velocity …eld is seen under the in‡uence of considerable magnetic

parameter.

² The value of fraction factor pro…le increases for larger values of  and ©, but

opposit behavior in case of 1 and 

² Nusselt number reduces for higher values of 1and R
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5.2 Chapter 4

² The velocity  0() is an increasing function of solid volume fraction ©

² The velocity increases with decrease in  Hartmann number.

² For higher values of Biot number , heat generation parameter 1 and for solid

volume fraction  temperature of the ‡uid boosted

² The concentration distribution has opposite behavior for homogenous and heteroge-

nous parameters 1 and 2

² The concentration of the ‡uid has dwindled for larger values of Schmidt number

 and Prandtl number Pr.

² The concentration pro…le enhanced for larger values of radiation parameter 

² Increase in Surface Drag force ¡1
2
(Re)

1
2 is associated with the increasing values

of  and 

5.3 Future work

In this work, the e¤ects of homogenous heterogenous reactions and thermal radiation on

2D steady, incompressible nano‡uid ‡ow on a curved sheet have been analyzed. However,

there remains a need to further build on the current work so as to bring improvement

about the concerned discourse. Few interesting possible extensions that could be re-

searched in future are as follows:

² Any non-Newtonian ‡uid along with appropriate boundary conditions.

² Bio-convective nano‡uid with microorganisms.

² Boundary conditions also be changed to melting heat or second order slip.

² Flow over a curve surface with activation energy.
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