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Abstract

This mathematical analysis refined, a non-linear radiative magnetohydrodynamic
(MHD) Williamson nanofluid flow via a stretching cylinder. Effects of Darcy-
Forchheimer porous media is also discussed. Flow analysis is performed in the
presence of partial slip boundary condition. The requisite boundary layer equations are
converted into the non-linear ODESs using suitable transformations. The resulting
system of linear equations is addressed by bvp4c built-in function of MATLAB
scheme. The outcomes of the prominent parameters versus involved profiles are
portrayed and conversed in light of their physical significance. The results obtained in
the analysis are substantiated by erecting a comparative table with an established result

in the literature. An outstanding matching is achieved in this regard.
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Chapter 1

Introduction and Literature review

1.1 Introduction

Nanofluid, an emerging field of engineering has caught the eye of numerous researchers who
were looking at the ways to improve the efficiency of cooling processes in industries, Nanofluid
is different from the other ordinary base fluids because nanoliquids are manufactured by insert-
ing nanoparticles into the base liquid. The nanoliquid is a liquid that carries nanometer size
(100nm) of particles, known as nanoparticles. The particles used in nanoliquids are commonly
made up of metals, oxides, or carbon nanotubes. Generally, the common base liquids include
water, ethylene glycol and oil. This fluid is different from other ordinary base fluids because
it is prepared by dispersing nanoparticles into the base fluid. These nano sized particles are
inserted into base fluids to improve the thermal performance and heat transfer efficiency of the
flow. Nanoliquid is the ideal applicant to get position of working fluid. The increasing thermal
performance that occurs by exceeding the base fluid and a size of 1 — 100 nm nanoparticles,
these two substances are employed to get greatest improvement into the thermal features under
lower concentrations. Nanoliquids have potential to significantly enhance heat transfer rates in
a variety of areas such as nuclear reactors, industrial cooling applications, transportation indus-
try, heat exchangers, micro-electromechanical systems, fiber and granular insulation, chemical
catalytic reactors, packed blood flow in the cardiovascular system engaging the Navier—Stokes
equation. Advanced thermal features of the naofluid are imperative in many fields like phar-

maceutical, transportation, microelectronics, micromanufacturing, power generation, thermal



therapy for cancer surgery, air-conditioning, metallurgical and chemical engineering fields etc.
In vehicles, the demand for nanofluids as coolants looks good in size and as a result this con-
sumes less energy to control road resistance. Due to the significant advancement in automotive
aerodynamics, there is great interest in breaking down systems by direct heat dissipation. Many
investigators have recently added some work to promote solar collectors with highly absorpation
of solar radiation.

Recent developments in industrial applications have introduced a broad variety of non-
Newtonian liquids that are different by various prespectives from other viscous liquids. All
those liquids in which the rate of shear is changed and the pressure of shear does not changed
is considered to be non-Newtonian. Thus, this difference in shear strength results to alter the
viscosity of these liquids, also known as the “apparent viscosity” of the liquid. Richardson and
Chhabra in 2018 described a non-Newtonian liquid, whose flow path (shear stress vs. shear rate)
is either nonlinear or that don’t pass through the origin, which means that the apparent viscosity
is not remain same at a given pressure and temperature. These liquids are generally divided into
three categories as time dependent, viscoelastic and time independent liquids. Numerous things
we use in our everyday life happen due to these kinds of liquids, Such that shampoo, toothpaste,
sillyputty and whiped cream etc. It is renowned that mechanics of non-Newtonian liquids offer
a certian challenge to mathematiciains and technologists. The nonlinearity may appear itself in
numerous aspects in different fields such as biological-engineering and drilling operations. The
Navier-Stokes approach is insufficient for such liquids and no single fundamental equation is
provided in the literature which demonstrates the characteristics of all fluids. Thus, several non-
Newtonian fluid models have been introduced. Rheological characteristics of non-Newtonian
liquids differ a lot than the Newtonian liquids. No doubt, the rheological properties of all the
non-Newtonian liquids can not be predicted by one constitutive equation joining rate of shear
and rate of strain. As for non-Newtonian liquids, there always a nonlinear relationship between
the shear rate and strain rate. The constitutive equations in non-Newtonian liquids are much
complex, nonlinear and of higher order as compared to Newtonian liquids. These liquids can

be divided by three main categories:

e Liquids that shows the rate of shear at any point is determined solely by the amount of

shear stress at that time; those liquids are variously called "time independent", "inelastic",



"purely viscous" or "generlized Newtonian liquids".

e Complex liquids are related to the shear stress and rate of shear depends, more to the time

period of shearing and their kinematic history; are known as "time dependent liquids".

e Materials exhibiting the properties of both ideal liquids and elastic solids and showed

partial elastic recovery and after the deformation this is classified as "visco-elastic liquids".

This division procedure is compulsory most of the real substances tend to show the combi-
nation of two or three kinds of non-Newtonian properties. These properties are too broader to
be tackled in the early stages of constructing the model. Therefore, a specific rheological model
will be choosen for initial use of development to deviating from the assumed model. Several
approximate and self-consistent non-Newtonian rheological models have been performed over
the past decades as no one can incorporate the specific features of every fluid. These models
are classified into different models such that rate type and integral type models. In particu-
lar, different types of fluid models have been introduced in recent era such as Williamson liquid
model, Carreau liquid model or Burgers liquid model etc. The Williamson fluid is characteristic
of a non-Newtonian liquid model with shear thinning characteristics.

The term Darcy-Forchheimer comes from the law of Darcy which interprets the liquid flow
along a spongy channel. This law was originated and dependent upon the consequences of
analysis on the water flow across the beds of sand. Movements in spongy medium in which
inertial effects are prominent comes with the variations of Reynolds numbers. Therefore, this
introductary term is added to Darcy equation and is referred to as Darcy-Forchheimer term.
This term represents the non-linear behavior of the flow data versus pressure difference. With
wide utilization of grain stockpiling, petroleum technology, frameworks of ground water and oil
assests, this Darcy law is of immense importance in the field of Fluid Mechanics. Places where
the porous medium has larger flow rates due to non-uniformity, such as near the wall, Darcy

law is not applicable.



1.2 Literature review

Nanoliquid has been explored and discussed by many investigators because of its distinctive
properties and is known as the suspended colloidal liquid with nano-size metallic or non-metallic
particles. As Choi et al. [1] found that the incorporation of nanoparticles to the base fluids
significantly enhance their thermal efficiency. The rising demand for highly efficient cooling
devices encourage Koo and Kleinstreuer [2] to study the steady laminar nanofluid flow in micro
heat sinks. It is noticed that very low nanoparticle concentration in nanofluids, it results in a
higher thermal conductivities that exhibits a remarkable state of nanofluids [3-4]. Ramzan et.
al [5] explored the numerical study of radiative Williamson nanoliquid flow via a convectively
heated Rigid plate with chemical reaction. Hayat et. al [6] investigated Darcy-Forchheimer
flow of three-dimensional Williamson nanoliquid over an extended heated nonlinear stretched
surface. Various researchers revealed the numerous aspects of the Williamson nanoliquid [7-15].

The material with stomata is termed as porous medium. It includes a large number of
applications such that oil production, water flow in reservoirs and catalytic vessels etc. The
idea of the flow of a liquid past a permeable media was first given by a French, Darcy [16] in
1856. But this notion couldn’t be so popular owing to its limitations of smaller porosity and
low velocity. Subsequently, Forchheimer [17] modify the momentum equation with the addition
of the square velocity condition into the Darcian velocity to address the obvious deficiency.
This was later named by Muskat [18] as “Forchheimer term” which is true of the high Reynolds
number. Mondal and Pal [19] deliberated the Darcy-Forchheimer model over porous media
past the linearly extended surface and concluded that concentration distribution is diminishing
function of the electric field parameter. The flow of the hydromagnetic nanofluid past the Darcy-
Forchheimer media forum on the impact of second order boundary condition is numerically
evaluated by Ganesh et al. [20]. Alshomrani et al.[21] discussed the 3D Darcy-Forchheimer
model with carbon nanotubes and the homogeneous heterogeneous reactions. The viscous
nanofluid with Darcy-Forchheimer effect past curved surface is analyzed by Saif et al. [22].
Seth et al. [23] scrutinized numerically the flow of carbon nanotubes over a permeable Darcy-
Forchheimer media in a rotating frame and many therein [24-28].

Chemical reaction can be explained as an interaction joining two or more chemicals that

produces one or more newly chemical compounds. Many chemical reactions requires accelerator



and heat (i.e. catalyst). A chemical reaction in that catalyst is in the same phase (i.e. in the
same state of matter) as the reactant(s) are called homogeneous catalytic reaction. Reactions
joining with two gases, and two liquids which makes the mixture of household cooking gas
with oxygen gas leading to flame are typical examples of homogeneous catalytic reactions. In
heterogeneous catalytic reaction, catalyst and reactants are in different phases (i.e. different
states of matter). Examples of heterogeneous catalytic reactions are chemical reactions between
a gas and a liquid, a gas and a solid, and liquid and a solid. Investigation of activation energy
in Couette-Poiseuille flow of nanoliquid in the existence of chemical reaction and convective
boundary conditions is discussed by Zeeshan et al. [29]. Animasaun [30-32] explored flow of
chemically reacting liquid via binary mixture in flow of micropolar liquid, nth order of chemical
reaction in Casson liquid flow and quartic autocatalytic chemical reaction in 47 nm alumina-
water nanoliquid within boundary layer. In prespective of its clarity, the remarkable work of

current researchers, see few studies [33-42].



Chapter 2

Basic preliminaries and laws

This chapter includes some standard definition basic concepts and fundamental equations.

2.1 Fluid

A material consist of a particles those deforms continuously under the influence of shear stress

is known as fluid. Paints, water, cooking oil, blood and shampoos are examples of fluids.

2.2 Fluid mechanics

The main class of mecahnics which study the effects of fluid. It can be classified into two

subclasses.

2.2.1 Fluid statics

A subclass of fluid mechanics related to examine the conditions under which fluid is at rest is

known as fluid statics.

2.2.2 Fluid dynamics

A subclass of fluid mechanics that is related to examine the conditions when fuid is in motion

called fluid dynamics.



2.3 Flow

Flow is defined as a material that deforms smoothly and fluently under the effect of different

kinds of forces. Flow is further divided into two major subclasses.

2.3.1 The Laminar flow

When fluid flows in the way that different layers of fluid never cross each other and have constant

velocity at every point in the flow field.

2.3.2 The Turbulent flow

When fluid flow in the way that different layers of fluid cross each other and have irregular

velocities in the flow field.

2.4 Viscosity

It is the primary characteristic of fluid that describe the behavior and motion of the fluid nearby
the boundary. When fluid is deforms by shear stress then an internal quantity generate that

measures the fluid flow resistance. Mathematically, can be represented as follows:

shearstress

viscosit, = .
v (®) gradient of velocity

2.4.1 Dynamic viscosity

It is defined as the measure of the fluid inner flow resistance. Its SI unit is kg/ms.

2.4.2 Kinematic viscosity

The ratio of the absolute viscosity (1) and the liquid mass density (p) is defined as kinematic
viscosity. Mathematically,

v =

B
- (2:2)

10



2.5 Thermal diffusivity

The thermal diffusivity is a material specific property for describing the heat conduction. This
value express how speedily a material reply to change in temperature. It is the proportion of

thermal conductivity to a certain amount of heat capacity and density. Mathematically,

o=t (2.3)

where ¢, the certain amount of heat capacity, p is density whereas k is the thermal conductivity.

2.6 Thermal conductivity

It is a measurement of the capacity of a specific substance to conduct heat. To the Fourier law
of heat conduction " The ratio of heat transfer rate (¢) through a material of unit thickness
(d) times unit cross section area (A) and unit temperature difference (AT')". Mathematically,

written as:

qd
A(AT)

k= (2.4)

In SI system thermal conductivity has unit m—W}{

2.7 Density

It is expressed as the mass of a material per unit volume. This quantity used to calculate that
how much stuff of a material present in a unit volume.
Mathematically,

P= (2.5)

where m is the mass of the substance and V is the volume. In SI system units it is calculated

as kg/m3.

11



2.8 Pressure

A force applied perpendicular to the surface per unit area.

Mathematically pressure is given by:

The SI unit of pressure is Nm 2.

2.9 Newton law of viscosity

Those fluid which show the direct and linear corrspondence between gradient of velocity and

shear stress. Mathematically, it can be represented as follows:

@
dy’

Tyz X

or

re =1 (). (2.8)

in which 7,, denotes the force of shear applied on the fluid’s element and ;1 the absolute

viscosity.

2.10 Newtonian fluids

The liquids which follow the expression for Newton viscosity law. Here, direct and linear
relationship exists between velocity gradient and shear stress. Sugar solutions, water, glycerine

and silicone oils are common examples of this liquids.

12



2.11 non-Newtonian fluids

The liquids that do not follow the expression for Newton viscosity law. Here, a nonlinear

relationship exists between velocity gradient and shear stress. Mathematically

d n
Tyz X (d_Z> , n#1, (2.9)
or )
du du\""
Tyx = nld_ya n=s <d_y> ; (210)

where 7; is termed as apparent viscosity, 7,, the shear stress, s denotes the index of consistency,
and n is the index of flow behaviour. For n = 1, Eq. (2.10) shows the Newton law of viscosity.
Honey, tooth paste and mayonnaise are common examples of this fluid.

2.12 Porous surface

It is a material which made out of pores, over which fluid or gas can travel through. Few
examples are biological tissues, cork and rocks. Sponges, fabrics, ceramics and foams are also

gathered for the purpose of porous media.

2.13 Porosity

The measure of spongy space in a porous substance is known as porosity.

2.14 Permeability

It is the strength of a porous substance to allow fluid to travel through it. Those materials
which have low porosity are minor permeable while materials having large pores are easily

permeated have high porosity.

13



2.15 Mechanism of heat flow

A form of energy that moves from warmer to colder system. Flow of heat takes place between
two objects when they are at different temperatures.The dispersion of heat takes place in any

one of the following three ways:

2.15.1 Conduction

A procedure in which heat flows from the hot area to the cool area of a liquids and solids

because of the collisions of free electrons and molecules is called conduction. Mathematically

q N T1 —T2 o AT
1= k <—X1 _X2> = k—AX, (2.11)
where
dT
= —kA— 2.12
q=—kA——, (2.12)

in which q represents the heat flow, A the area of the surface, & the thermal conductivity, T}
temperature is greater than T, % denotes the temperature gradient and negative sign shows

that heat is conducted from greater to low temperature.

2.15.2 Radiation

It is a process where heat is supplied by means of electromagnetic waves. This phenomenon

plays vital role in heat transfer in vaccum.Mathematically

q=ec*A(AT)*,

where g denotes the heat transfer, e for emissivity of the system, o* for Stefen-Boltzmann’s
constant, A for area and (AT)* for the temperature difference between two systems of fourth

power.

14



2.15.3 Convection

A phenomenon in which heat flows from the hot area to the cool area of liquids and gases due

to the motion of molecules is said to be convection. Mathematically,

q = hA (Ts - Too) ; (213)

where h is coefficient heat transfer (convective), T for system temperature, A for area and T

for the ambient temperature.

2.16 Nanofluid

A liquid that has very small metallic particles in it (called nanometer particles) is said to
be Nanofluid. These liquids are formed by the colloidal suspensions of nanoparticles in the
conventional liquid. The nanoparticles employed in nanoliquids typically are nanotubes, oxides

and metals. Most ordinary base fluids are oil and water.

2.17 Darcy law

It interprets the flow of a liquid through a spongy medium. This law is originated and dependent
on the consequences of analysis into the water flow across the beds of sand. It additionally

models the scientific basis of fluid permeability needed in the Geo sciences.

2.18 Darcy-Forchheimer Law

Movements in spongy medium with Reynolds numbers greater than 10, and in which inertial
effects are prominant. So, this inertial term is add on the Darcy’s eq. and is called as Forch-
heimer term. This term represents the non linear change of the pressure difference and flow of
data.

o p P

2
— 2.14
or k* v k1 v ( )

where k1 represents inertial permeability and vy represents forchheimer velocity.
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2.19 Non-dimensional parameters

2.19.1 Reynolds number

The significant non dimensionl number that is used to recognize that either the flow is laminar
or is turbulent. It describes viscous and inertial forces ratio. Mathematically, this number is

expressed as:
inertial forces
Re=————,
viscous forces

v X
= . 2.15
() ( )

Here, v depicts the velocity of fluid, | describe the characteristic length and v represent kine-
matic viscosity. Reynolds number are utilized to describe distinct flow behaviours (laminar or
turbulent flow) within a similar fluid. Laminar flow arises at small Reynolds number, in which
we can note that viscous effects are eminent. Turbulent flow arises at high Reynolds number,

where inertial effects are eminent.

2.19.2 Prandtl number

It expresses the ratio joining momentum diffusivity to the thermal diffusivity is called Prandtl

number. Mathematically,

— % (2.16)
in which y denotes the dynamic viscosity, ¢, represent the specific heat and k stands for thermal
conductivity.

2.19.3 Radiation parameter

The combined contribution of conduction to the thermal radiation flow, which can be expressed

as follows:

40*T3
Rd = o0
kk*

(2.17)
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where k*denoes the mean absorption cofficient, k& stands for temperature dependent thermal

conductivity, T for ambient temperature and o*represent the Stefan-Boltzmann constant.

2.19.4 Skin friction coefficient

Liquid passing over a surface experiences certain amount of drag that is known as Skin friction.
It takes place between the flowing liquid and the solid surface that causes decrement in the rate

of flow of fluid. Mathematical expression for Skin friction is given as follows:

Cy, = B =k (r U)o (2.18)

T
2
Py

in which p represents the density and u,, denotes the velocity at the wall.

2.19.5 Nusselt number

It expresses the proportion of convective to conductive heat transfers joining solid boundary

and moving liquid is known as Nusselt number. Mathematically

)
Nuy = ———m— 2.1
Y B (T — Too) (2.19)
in which g, represent the wall heat and k£ the thermal conductivity respectively.
2.19.6 Sherwood number
Sherwood number is a number which is mass trasfer at the wall.
T Jw
Sh, = 2.20
Dm (Cw - C'oo) ( )

in which j,, represent the mass flux and D,, the cofficient of mass diffusion respectively.

2.19.7 Thermophoresis parameter

Thermo diffusion is utilized to prevent the mixing of different mobile particles of liquid due to

a pressure gradient or separate the mixture of particles after mixing up due to the presence
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of thermal gradients. Thermophoresis is positive for cold surface and it is negative for a hot
surface.

Mathematically

TD7(Ty — To)

Nt =
VT s ’

(2.21)

where T,, and T, denotes the wall’s temperature and ambient temperature, Dy stand for

thermophoretic coefficient and v represents the kinematic viscosity.

2.19.8 Brownian motion parameter

Brownian motion appear due to size of the nanoparticles in a nanofluid. It is a nanoscale
phenomenon that exhibits the thermal influences of nanofluid.
Mathematically,
_ TDR(Cy — Cxo)

N 2.22
b e (2.22)

in the above equation 7 is the proportion of effective heat and heat capacity of the nanoparticles
and fluid respectively, v denotes the kinematic viscosity. C,, stands for wall’s concentration,

C stands for ambient concentration and Dp represents Brownian diffusion coefficient.

2.19.9 Schmidt number

This dimensionless quantity can be defined as the proportion of non-Newtonian viscosity (kine-
matic) to mass diffusivity.

Mathematically
v

Sc=—
C DB,

(2.23)

where v represents the kinematic viscosity and Dp stand for mass diffusivity.

2.19.10 Forchheimer number

The Farchheimer number is proposed to identify different flow patterns. This number is deter-

mined with the ratio of pressure gradient to the viscous resistance.
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Mathematically,

Fr— (2.24)

with ¢ represent Drag coefficient and ks the permeability of porous medium.

2.19.11 Chemical reaction parameter

The non-dimensional parameter used to measure the strenght of chemical reaction rate is called

chemical reaction parameter and can be written as:

A

2.25
e (2.25)

where A1 and ! represent the reaction rate and characteristic length.

2.19.12 Peclet number

The non dimensionl number used in calculations involving convective heat transfer. It is the
proportion of the thermal energy convected to the liquid to the thermal energy conducted within
the liquid. Mathematically,

AW,

Pe=""= 2.2
e= 5 (226)

where A denote the porosity parameter w, represent constant maximum cell swimming speed

and D, represent Diffusivity of microorganism.

2.20 Conservation laws

A measurable quantity that remains unchanged with the progression of time in an isolated
system is called conserved quantity and the law which deals with this quantity is recognized
as conservation law. The conservation laws that are used for the flow specification in the

subsequential analysis are given below.
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2.20.1 Mass conservation law

Conservation law for mass states that mass of the system remain conserved. Mathematically

Dp _
S; HAVV =0, (2.27)
or
Ip
o5+ (V-V)p+pV.V =0, (2.28)
or
dp
5 T V-(oV)=0. (2.29)

The above is equation of continuity. For the steady flow Eq. (2.29) becomes

V.(pV) =0, (2.30)

and for the incompressible fluid, Eq. (2.30) will be stated as:

V.V =0. (2.31)

2.21 Momentum conservation law

This law states that the total momentum remains constant of the system. Generally, it is given

by:

A%
Por = div 7+pb, (2.32)
here 7 = —pI + S, the Cauchy stress tensor, % represents the material time derivative and b

stands for body force.

2.21.1 Law of energy conservation

This states that the whole energy is conserved at the whole system. For nanofluids it is specified

by :
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DT DT
prerp =L HEVT 4 pey <DBVC.VT + ﬂv:r.v:r> , (2.33)

here p; represents the base liquid density, 7* the stress tensor, p, denotes the density of nanopar-
ticles, cy stands for specific heat of base fluid, Dp denotes the Brownian diffusivity, L* for the
strain tensor, Dr represents the thermophoretic diffusion coeffiecient, k& denotes the thermal

conductivity and T for temperature.

2.21.2 Law of conservation of concentration

For nanoparticles, the volume fraction equation is

oC 1
— +V.VC=-—-Vj 2.34
T +V.V ppVJp, (2.34)
. vT
Jp = =ppDBVC = pp Do (2.35)
2
T
%—f +V.VC =DpV?3C + DTVT . (2.36)

Here, Dp, C,T and Dr stand for Brownian diffusivity, nanoparticle concentration, temperature

and thermophoretic coefficients respectively.
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Chapter 3

A numerical analysis for nonlinear
radiation in MHD flow around a
cylindrical surface with chemically

reactive species

In this chapter, the analysis of MHD flow for nonlinear radiation over a cylindrical surface
is discussed numerically. Flow analysis is performed in the existence of chemical reaction.
In addition, partial slip boundary conditions are also involved. The requisite boundary layer
equations are modified into nonlinear ODEs after using suitable similarity transformation. The
obtained system of linear equations is solved by bvp4c built-in function of MATLAB scheme.
The outcomes of the prominent parameters versus involved profiles are portrayed and conversed

in the light of their physical significance.

3.1 Mathematical analysis

We examine an incompressible flow outside a circular hollow cylinder having radius R and the
constant temperature T;,. As the x—axis is directed via the axis of cylinder while r—axis is

directed in the radial direction. A stretching surface of the cylinder has velocity wu,, = ug (x/1) .
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where ug shows the reference velocity [ is the characteristics length. The flow situation induced
by magnetic field of intensity By shown in Fig. 3.1. Owing to our assumption of small Reynolds
number, the induced magnetic field is neglected. The protuberance scale is lesser as compare

to the thickness of the boundary layer so the partial slip conditions are handled. In addition,

the flow field carries the chemically reactive species.
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Fig. 3.1 Geometry of the flow

The resulting equations of boundary layer defining the depicted scenario are given as:

(ru), + (), = 0, (3.1)
]. g1 2
Uy + VUy = U | Uy + =, | — — S50, (3.2)
r p
k 1
uly + 0T, = — (Trr + —TT) — /-G, (3.3)
PCp T
1
uCy +vC, = D,, (Crr + ;C’T> —A(C = Cxo)™ (3.4)

23



with suitable boundary coditions
u(z, R) = uy + L1vty|r=gr, v(xz,R) =0,

T (z,R) =Ty + LT, |,=r, C(z,R)=Cy+ L3Cy|r=p, (3.5)
u(z,400) =0, T (z,40) =Ty, C(x,+0)=Cx. (3.6)
Via Rosseland approximation, radiative heat flux ¢, is denoted as:
—40*\ 0T 160* 3
= ( 3k ) or <_ 3% >T I (3.7)

Non dimensionl form of above mathematical model is obtained by using these transformations:

_TQ—RQ U\ 3 (g 3
T—Ty 0 —-Cx
9(77):m, ¢(ﬁ)*m. (3.8)
Here, satisfaction of Eq. (3.1) is inevitable. However, Egs. (3.2) — (3.6) take the form :

(200 £ + 15— 1" = K2 =0, (3.9)
% [(1 + nga + (0 —1) 9)3> (14 2Mn) 9’] + 16 =0, (3.10)
= [a+2dm)6] + 56 e =0, (311)
£(0)=0,f(0) =1+ B1f"(0),0(0) =1+ B20' (0),6(0) = 1+ B3¢’ (0), (3.12)
J (+00) = 0,0 (+00) = 0, ¢ (+00) = 0. (3.13)

The values of above mentioned parameters are :

1 1
2 27\ 2 1 1
= () K= () B = (M) B =1 (1),
ugR? PUQ l lv
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1 40+ T3 T, Ml
B3:L3(1;—£)2, Rd = ‘;k;”, b= 7, W:U—E,SC:DLB,P]::% (3.14)

The dimensional form of Skin friction cofficient, local Nusselt number, local Sherwood number

are constructed below:

_ K (’LLT + Um)r:R _ Lqw
sz B pu%]  Nite = k (Tw - Too)7
T Jw
Shy, = . 3.15
Dm (Cw - Coo) ( )

Substituting the usual similarity transformation, we get the dimensionless form of C'y , Nuy,
Shy,

Red Oy, = " (0), Nuy Rey ® = ~[1 + SRA{1+ (6., — 1) 0 (0))¢' 0)

!

Re;% Shy = —¢ (0). (3.16)

3.2 Results and deliberation

The current portion addresses the results of different parameters on temperature, velocity
components and concentration fields. Numerous parameters like the magnetic parameter K,
Schmidt number Sc, temperature ratio parameter 6,,, radiation parameter Rd, Prandtl number
Pr, curvature parameter M, wall roughness parameter Bj, concentration slip parameter Bjs,
Thermal slip parameter Bs, chemical reaction parameter 7y, reaction order n are discussed on
the temperature, velocity and nanoparticles concentration field. The change of velocity com-
ponent on the magnetic interaction parameter K is illustrated in Fig. 3.2. This parameter
K calculates the firmness of Lorentz force. The increase in K, increases the firmness of this
force. Due to increase in K, the velocity in axial direction will reduce the boundary layer
and hence velocity gradient is raised. The effect of wall roughness parameter B; on f’(n) is
shown in F'ig.3.3. Slip decreases the velocity close to the disk and this phenomenon is more
enhanced by the increase in K. Practically, the effects of stretched cylinder are transmitted to

the liquid layers due to which decrease in velocity field is seen. The effect of the temperature

25



ratio parameter 6,, on 6 (1) is explained via Fig. 3.4. A significant increase in 6 (1) is observed.
The increase in 6,, enhances the temperature of the wall which results in thicker penetration
depth for temperature profile. Also the change in temperature changes the thermal diffusivity
in the boundary layer. Thermal boundary layer corresponds to be thicker close to the wall
where the temperature is larger while it is lower far to the cylinder because here temperature is
comparatively low. As a result, an inflection point emerge on the wall when altimately 6,, is ac-
counted greater. The temperature profiles of the distinct parameter of curvature M are shown
in Fig. 3.5. The increse in curvature parameter reduces the radius which in results increases the
temperature. Fig. 3.6 is illustrated to show the plotes of € (n) for distinct terms of Rd at other
variables are fixed. The increase in radiation parameter enhances the thermal boundary layer
which is non-identical to linear radiation flux case where temperature has a value N, — oo. In
Fig. 3.7 we introduce the temperature plot with variations of Prandtl numbers. It is necessary
to select the suitable Pr to obtain the expected cooling rate. In many calculations Pr=7 is used
that is of water. The choosed range of the Pr is defined by the existing papers on the flows of
boundary layer. In the liquid heat penetrates in less space as Pr enhances. In the liquid where
Pr is greater, the thermal diffusivity is smaller than the momentum diffusivity. Therefore, an
increment in the Pr is expected to raise the rate of heat transfer. Fig. 3.8 provides the change
of the ¢ (n) as the Schmidt number Sc varies. Schmidt number is the ratio of momentum to
mass diffusivities. With the increase of schmidt number Sc the mass diffusivities decreases and
results in the depletion of concentration profile ¢ (n). We therefore expect that an enhancement
in Sc would decrease the concentration thickness. Fig. 3.9 shows the change of the reaction
rate parameter -y on the field of ¢. As expected, the increase rate of chemical reaction results in
a decline of ¢ (). Fig. 3.10 shows the change in the concentration profile ¢ (1) as the reaction
rate n varies. The layer of concentration increases when the greater order chemical reaction is
considered.

We considered non linear radiative flow of heat transfer by MHD caused by a cylinder
by applying the partial slip conditions on the wall. Temperature, velocity and concentration
fields over the cylinder are calculated in the system for the complete limitations of the slip
parameters. The validation of the current calculation scheme was performed by relating the

outcomes of wall shear stress with the available parameters and such resemblance proved to be
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effective (see table 3.1). In tables 3.2 and 3.3 the calculation of the heat transfer rate Re, 12 N Ug
and the local Sherwood number Re, /2 g h; are presented with numerous parameter variations.
Its noticeable that local Nusselt number enhances with the enhancing variations of curvature
parameter M. The heat transfer rate is reduced as the effect of magnetic field increases. Also
concluded that the heat transfer coefficient could also be enhanced by the reduction of the
cylinder’s radius. At rising variations of 6,, or Rd, an elevation with the rate of heat transfer is
shown. The maximum improvement of the local Sherwood number is expressed as the Schmidt
value is enlarged. Practically, when the Schmidt values increases, momentum diffusion become
demonstrative by the mass diffusion and as a outcome the thickness of the concentration’s
boundary layer lowers. These findings in a greater mass transfer rate. In addition,the enlarging

reaction rate has a capacity to decrease the rate of mass transfer.
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Fig.3.2 : ITmpact of magnetic parameter K on f’ (n)
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Table 3.1 : Validation of numerical results for —f” (0) with those of Tamoor et. al. [43]
when M = B; = 0.

—/"(0) —/"(0) —/"(0)

K | Tamoor et.al.[43] | Junaid Ahmad khan | Present
0 1 1 1

0.2 1.01980 1.0198039 1.01981

0.5 1.11803 1.1180340 1.11803

0.8 1.28063 1.2806248 1.28062

1 1.41421 1.4142136 1.41421

Table 3.2 :Computations of (Rex)’%N ug for various variations of K, M, 0, and Rd when
Pr=7and B; = B; = 0.5.

K| M|6,=A|Rd| (Rey) 2 Nug
05[02| 15 |02| 0.7654
1 0.6803
1.5 0.5851
2 0.5003
0.5 0.7745
0.7 0.7801
1 0.7883
2 1.1440
2.5 1.4871
3 1.7770
01| 1.3736

0.3 2.2339
0.5 3.3713
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Table 3.3 : Computations of (Rex)_%S h, for various variations of M, Sc and v when Pr =7,
k:0.5anB1:B2:B3:0.5.

M | Sc|vy|n (Rez)*%Shz
02 5 |11 1.15817
0.5 1.1748
0.7 1.18683

1 1.20568
2 0.975654
3 1.05478
7 1.22726
2 1.27036
3 1.34142
4 1.39264
2 0.996419

3 0.924968
) 0.878547
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Chapter 4

Nonlinear Radiative MHD
Williamson nanofluid flow over a
stretching cylinder in a

Darcy-Forchheimer porous medium

In this chapter, a nonlinear radiative MHD Williamson nano-liquid stream via a stretched
cylinder in a Darcy-Forchheimer porous media is discussed. Besides, The envisioned model is
supported by the slip, Convective and zero-mass flux boundary conditions at the surface of
the cylinder. The requisite boundary layer equations are converted into the nonlinear ODEs
after the use of suitable transformation. The obtained system of linear equations is solved by
bvp4c built-in function of MATLAB scheme. The outcomes of the prominent parameters versus

involved profiles are portrayed and conversed in light of their physical significance.

4.1 Mathematical analysis

We examin an incompressible flow outside a circular hollow cylinder having radius R and the
constant temperature T,,. As the z—axis is axial direction of cylinder while r—axis is directed

in the direction of radial. A stretching surface of the cylinder has velocity wu,, = ug (x/l), where
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ug shows the reference velocity [ is the characteristics length. The flow situation induced by

magnetic field of intensity By shown in Fig. 4.1.

Tale | |
o =
e B
il — —-
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e i . P—
< -— - = f/
Uy

Fig. 4.1 Geometry of the flow

The resulting boundary layer equations defining the depicted scenario are given as:

(ru), + (rv), =0, (4.1)
Uty + vu —U<u +lu + 2l'u,u +L(u)2>—262u—£u—Fu2 (4.2)

xr T Tr r T T Yrr \/57'- T p 0 k2 b .

k 1 D 1
uTy + vl = — (TW - —Tr) +7 [DBTTC’T += (TT)Q} —— (@), (4.3)
PCp r ss PCp
1 D 1

’LLC:C + ’UCT = DB (Cmn + ;CT> + T—T (Trr + ;Tr> — )\1(0 — Coo)n, (44)
uN, + N, = Dy Ny 4 2N, ) = =2 (N, ¢, + NC,) (4.5)

xT T n rr r T Cw _ Coo T~r Trj - .

with suitable boundary coditions

u(z,R) =uy , v(z,R) =0,
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T (z,R) =Ty, C(z,R) =Cy,
u(z,+00) =0, T (x,+0) =Ts , C(z,+0) = C,
N (z,R) = Ny, N (z,40)= Ny. (4.6)
Via Rosseland approximation, the radiative heat flux is ¢, is given as:

—4o*\ OT* —160™\ , 3
= < 3k ) or ( 3k )T T (4.7)

Non dimensionl form of the above mathematical model is obtained by using these transforma-

tions:

1= (3)E, v = (S) ans ) 00 = A

60 = s () = = ), v= 0 TR (49)

Here, satisfaction of Eq. (4.1) is inevitable. However, Eqs. (4.2) — (4.6) take the form

i 2

" 1" l2 1" 2 1 11
(L+2Mn) f" 4 ff = F oMf - 2We (1 +2Mn)2 £ f" + 3WeM (1+2Mn)? f

K2 —Af —Frf =0, (4.9)

1 ! / ! i /2
! [(1+2M77)9 +2M9] 4 f0 + Nb(1+2Mn)60'¢ + Nt (1 +2Mn)0

T

2 2 350
+iile 314+ (0w—1)01" (0 —1)(14+2Mn)0 +]1 +”(0w —1)0]° M6 _0, (410)
Pr3 FL 4 (0 — 1) 0] (1 +2Mn) 0
(142Mn)¢" +2M¢ + Scfé + % [(1 +2Mn) 0" + QMQ’} — Scyg" =0, (4.11)
(1+2Mn) " +2M¢ + LbPr £
e (1+2M77)Cq§, +oM¢ +(1+,2/M77)§q§ o (4.12)
M¢p +0(1+2Mn)o
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f (+00) = 0,0 (+00) = 0, ¢ (+00) = 0,¢ (+00) = 0. (4.13)

The variations of the above mentioned parameters are :

1 1
vl 2 JlBgl 2 Tw )\1[

M = K = 911) = Y= T
<u0R2> ’ < PUo ’ Teo " Ug

3
D — Cx Dr (Tw — T Tu?
Np— T B (Cy — C )7 Neo T 7 (Tw )7W€: uo;i“
v VT V2vl2
vl Cp 40*T3 v
kZ'U/O, r k27 R kk* 7S DB7
AW, v « Ny
Pe=p =g =p," =N, — (4.14)

The dimensional form of Skin friction, local Nusselt number, local Sherwood number and Motile

microorganisms are given by:

Tw LG T Jw ZTdn

where ,
ou ' /ou orT
el () et () e e

| e ON
]w B _Dm <E>T:R’ qn B _Dn <5>T:a ‘

Substituting the usual similarity transformation we get the Dimensionless form of C'y,, Nu,, Shy, Nn,

Re; ? Shy = —¢ (0), Nn, = —€ (0). (4.17)
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4.2 Results and deliberation

This portion is devoted to depict the effect of different physical parameters on velocity, concen-
tration and temperature fields. The various parameters of the magnetic interaction parameter
K, Darcy parameter F'r, the temperature ratio parameter 0,,, radiation parameter Rd, Schmidt
number Sc, porosity parameter A\, Local Weissenberg number We, thermophoresis parameter
Nt, curvature parameter M, bioconvection Lewis number Lb, Prandtl number Pr, Brownian mo-
tion parameter Nb, chemical reaction parameter -, Peclet number Pe, Bioconvection parameter
o and reaction order n are discussed on temeparature, velocity, and nanoparticles concentration
profiles. Fig. 4.2. depicts the behavior of magnetic interaction parameter K on the velocity
profile. The magnetic interaction parameter K measures a strength of Lorentz force. The
increase in K enhances the Lorentz force strength and due to rise in K the velocity in axial
direction decreases the boundary layer. As a result, the gradient of velocity at the surface is
decreased. The Impact of Darcy parameter F'r on velocity field f’ (n) is investigated in Fig. 4.3.
It is examined that by escalating the variations of F'r, the decreasing behavior of the velocity
field is seen. This is because the higher values of F'r produces resistance in a fluid flow and
hence velocity decreases. Fig. 4.4 portrays the trend of the porosity number A\ on the velocity
distribution of f’(n). The liquid’s velocity diminishes on greater values of porosity parameter.
Physically, the movement of the fluid is hindered due to the presence of porous media and this
results in the fall off the fluid velocity. The impact of Weissenberg number We on velocity field
1" (n) is investigated in Fig. 4.5. It is examined that by escalating the variations of We, the
decreasing behaviour of the velocity field is seen. The explaination behind it is that the fluid
relaxation time increases by increasing the value of We number, which creates resistance to the
fluid and therefore fluid velocity decreases. The effect of the ratio parameter 6,, upon 0 (n) is
explained by Fig. 4.6. A significant increase in 6 (1) is observed. Enhancing 6,, signifies the
temperature of the wall that causes thicker penetration depth for temperature profile. Also the
thermal diffusivity lies in the boundary layer with the relating temperature change. Thermal
boundary layer corresponds to be thicker nearby the wall where the temperature is larger while
it is lower far from cylinder because here temperature is low as compared to others. As a result,
an inflection point emerge on the wall when greater 6, is considered. The temperature field

for numerous curvature parameters M are shown in Fig. 4.7. A substantial enhancement in
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liquid temperature is seen when radius of cylinder is reduced. The influence of Prandtl number
Pr on the temperature field is described in Fig. 4.8. It is observed that the existence of melt-
ing phenomenon of the liquid temperature increases with rising variations of Prandtl number
Pr. Therefore, we can judge that greatter variations of the Prandtl number Pr enhances the
temperature profile. Figure 4.9 is drawn to show the plotes of 6 () for numerous terms of Rd
when other variables are fixed. It can be a judged that growing values of Rd enhances the
temperature and its parallel thickness of layer become thicker. Substantially, it is clear that in
the radiation procedure, heat is created in the working liquid, which causes an enhancement in
the thermal profile. Figure 4.10 elucidates that an increment in Schmidt number Sc decays the
nanoparticle concentration distribution ¢ (). There is an opposite relationship of the Schmidt
number and the Brownian diffusion coefficient. Greater the values of Schmidt number Sc lower
will be the Brownian diffusion coefficient, which tends to decrease the ¢ (n). Fig. 4.11 por-
trays the concentration field for different estimations of chemical reaction parameter . Large
variations of the chemical reaction parameter v tends to reduce the nanoparticle concentration
field. Fig. 4.12 shows that for greater values of reaction order n the concentration profile be-
comes higher. Fig. 4.13 depicts the impact of thermophoresis parameter Nt on concentration
profile ¢ (n). Both the concentration and thermal layer thickness are increased by increasing
the variations of the thermophoresis parameter Nt. Greater estimations of the thermophoresis
parameter Nt give rise to thermophoresis force which increases the movement of nanoparticles
from cold to hot surfaces and also increases in the thermal layer thickness. The decending
behavior in concentration distribution ¢ (1) against Brownian motion parameter Nb is drawn
in fig. 4.14. An enhancement in the Brownian motion parameter Nb increases the Brownian
motion due to which there is an increase in the movement of nanoparticles and hence boundary
layer thickness reduces. Fig. 4.15 plotted to draw the curves of ¢ (n) for different terms of
bioconvection Lewis number Lb while other variables are fixed. It is observed that Lb depicts
the decreasing behavior for large values of Lb. Fig. 4.16 shows the behavior of Peclet number
Pe on gyrotactic microorganisms profile ¢ (1) . Here, ¢ (1) is an increasing function of Pe that
effects to a decrease the diffusivity of microorganisms. Fig. 4.17 indicates the variations in gy-
rotactic microorganism profile ¢ (n) for distinct estimations of the bio-convection parameter o.

Large variations of bio-convection parameter decreases the gyrotactic microorganism field. In
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addition, Tables (4.1 — 4.3) shows that the numerical variations of the local Sherwood number
Shy, local Nusselt number Nu, and density amount of motile microorganism Nn, for distinct

estimations of K, M, 6,,, Rd, Pr, Sc, ~, k, Pe, Lb, and o.
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Fig.4.2 : Tmpact of magnetic parameter K on ' (n)
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Table 4.1 :Computations of (Rex)*l/ 2Nu, for various variations of K, M, 0,, and Rd when
Pr=r.

K| M|6,=A|Rd| (Re;) 2Nu,
05]02] 15 0.7654
1 0.6803
1.5 0.5851
2 0.5003
0.5 0.7745
0.7 0.7801
1 0.7883
2 1.1440

2.5 1.4871
3 1.7770
0.1 1.3736

0.3 2.2339
0.5 3.3713
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Table 4.2 : Computations of (Rex)_%S h, for various variations of M, Sc and v when Pr =7,
k=0.5.

M | Sc|vy|n (Rez)*%Shz
02 5 |11 1.15817
0.5 1.1748
0.7 1.18683

1 1.20568
2 0.975654
3 1.05478
7 1.22726
2 1.27036
3 1.34142
4 1.39264
2 0.996419

3 0.924968
) 0.878547
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Table 4.3 : Computations of (Rex)_% Nn,, for various variations of M, Pr,o, Pe, and Lb.

M |Pr| o |Pe|Lb| (Res) 2Nny
03|15]02[03]0.2
0.3 0.935596
0.6 1.05958

0.9 1.1936

1.0 0.915801

1.5 0.935596
2.0 0.940771
0.2 0.935596
0.4 1.01258
0.6 1.08956
0.4 1.06529

0.5 1.18901

0.6 1.30713
0.3 0.963155
0.6 1.03821

0.9 1.10378
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Chapter 5

Concluding remarks and Future

work

In this thesis model, two problems have been analyzed where first problem is about review
paper and second problem is the extension work for it. Conclusions of both the problems are

as following;:

5.1 Chapter 3

A numerical investigation for non-linear radiation in the flow of MHD around a surface of
cylindrical with chemically reactive species. The main outcomes of this analysis are listed

below:

e Velocity distribution is lower for large variations of the magnetic interaction parameter

K.

e Large values of temperature ratio parameter 6,,, radiation parameter Rd, and curvature

parameter M, causes an increment in temperature distribution.

e Enhancing variations of Prandtl number Pr shows the decending behavior on temperature

field.

e An increment in Schmidt number Sc and chemical reaction parameter ~ leads to lower
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concentration profile.

e Concentration field enhanses for greater variations of reaction order n.

5.2 Chapter 4

In the current investigation, we have discussed non linear radiative MHD Williamson nano
liquid flow via a stretched cylinder in a Darcy-Forchheimer porous media. Solution of the
problem is addressed by Matlab scheme of bvp4c built-in function. The main features of the

current investigation are appended below:

e Velocity distribution is lower for large variations of .magnetic interaction parameter K,

Darcy parameter F'r, and porosity parameter .

e Larger values of temperature ratio parameter 6,,, radiation parameter Rd, and curvature

parameter M, causes an increment in temperature distribution.

e Enhancing variations of Prandtl number Pr shows the decreasing behavior on temperature

profile.

e An increment in Schmidt number Sc and chemical reaction parameter v leads to lower

concentration profile.

e Brownian motion parameter Nb and thermophoresis parameter Nt shows the different

behavior on concentration field.
e Peclet number Pe decrease the gyrotactic microorganism profile.

e Gyrotactic microorganism profile reduces for greater variations of bioconvection Lewis

number Lb and bioconvection parameter o.
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5.3 Future work

The recent analysis could be extended to the following models as well:

The fluid flow may be extended to the any other non-Newtonian fluid.

The Buongiorno nanofluid model may be swapped with Tiwari and Das model.

e Some varied types of base fluids and nano-materials may be used.

Some different non-Newtonian fluid model may also be considered.

Effect of Hall current and Dusty fluid may also be considered.
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